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ABSTRACT
The expansion of transportation infrastructure systems is a vital aspect of the fastpaced development that the current civilization is witnessing to accommodate the
needs of growing communities. This expansion will require larger quantities of raw
materials for the construction of transportation corridors, which are likely to be
supplied from natural quarries. On the other hand, environmental agencies are
urging industries to adopt more sustainable practices by introducing restrictions on
the quantity and quality of quarried aggregates, and therefore many industries are
considering the reuse of waste materials in engineering projects. In this study, a
mixture of coal wash (CW), a by-product of the well-established coal mining
industry, and rubber crumbs (RC), produced by shredding waste rubber tyres, is
proposed as a potential alternative to traditional aggregates that can be used in
transportation infrastructure sublayers such as the capping layer is railways.
While CW may exhibit a behaviour that is somewhat comparable to granular
materials, the strength and deformation of compressible and elastic rubber are
considerably different, thus affecting the compaction characteristics of the mixture.
Accordingly, the effect of rubber content on the compaction efficiency under the
same energy level and under increasing energy levels was evaluated. An optimum
compaction energy range was proposed based on an acceptable void ratio and a
minimum level of particle degradation.
The behaviour of CWRC mixtures was investigated under monotonic loading
conditions through static triaxial compression tests. Three relatively low confining
pressures (i.e. 25, 50 and 75 kPa) were selected to mimic field conditions for the
ii

capping layer in railway tracks. The effect of rubber content on the ductility,
strength, deformation and energy absorption capacity of the mixtures was
evaluated. A 3D multivariable function was proposed to describe the relationship
between the peak friction angle, the rubber content and the confining pressure. It
was also found that the traditional linear Mohr-Coulomb criterion failed to capture
the shear strength of the CWRC mixture at very low normal stresses. Accordingly, a
non-linear failure surface was proposed to predict the shear strength as a function
of the rubber content and the normal stress.
Moreover, cyclic triaxial compression tests were performed to study the behaviour
of the mixture under cyclic loading, which is more representative of field conditions.
First the effect of the confining pressure, the cyclic stress ratio (CSR), and the rubber
content on the dynamic properties of the mixture were evaluated without a rest
period. Then another series of cyclic triaxial compression tests was performed
where a rest period was introduced every 40,000 cycles to capture the effect of
rubber elasticity on the recoverable strain with and without a rest period. The tests
were performed under a frequency of 10 Hz.
A model was proposed to predict the stress-strain response of waste materials
where explicit equations for the stress ratio, the volumetric strain, and the dilatancy
were developed analytically. The equations were not directly formulated as a
function of the rubber content to make it applicable to other types of waste
materials, but the model parameters were correlated with the rubber content so
they can be easily modified to cover any type of waste materials without modifying
the general form of the equations. The model accurately predicted the stress-strain
response of waste mixtures.
iii

Finally, based on the experimental results the use of the proposed mixture as a
capping material in railways was assessed based on the existing standards and
requirements. It was found that adding 10% of RC by weight was enough to improve
the damping properties of the mixture and minimize particle degradation, while
providing sufficient strength and acceptable deformation. Also, the practical
implications of using this waste mixture as a capping material on the environment
and the industry was evaluated.
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CHAPTER ONE
1 INTRODUCTION
1.1 Background
This current civilization is witnessing an unprecedented increase in population
growth which requires a matching increase in the goods and services needed by
growing communities. The environmental repercussions of this growth cannot be
overshadowed because the production of more goods and services places more
stress on natural resources and that eventually leads to scarcity. Moreover, the
production and use of these goods and services produce waste that ends up in
landfills, and that leads to environmental problems such as air and water pollution,
and soil contamination, to name a few.
Coal mining is a well-established industry in many countries around the world, so it
is a good example of industries that boosted their activities following the population
growth over the past decades. In 2018, 7813 million tons of coal were produced
worldwide, compared to 4660 million tons in 1980, showing that coal production
almost doubled in 30 years (Enerdata.net 2019). From an economic point of view
this increase has yielded more revenue for countries exporting coal, such as
Australia and China. However, raw coal is washed to remove the soil impurities
which means 20% of total coal production is disposed of in landfills as coal wash
(CW), aka coal refuse. To minimize the environmental impact of CW disposal and
create incentives to reuse this waste, some countries have applied a levy on CW
landfill. For instance, in New South Wales, Australia, each ton of CW costs $14 to be
received at a waste facility, which is equivalent to several million dollars a year; it is
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no wonder that these policies have encouraged the construction industry to
consider CW as a construction material. Most recently a blend of CW and basic
oxygen steel slag aggregates (BOS) was used in a port reclamation project in Port
Kembla, NSW, Australia (Chiaro et al. 2015). Several other studies have also
evaluated the engineering properties of CW and its potential use as a structural fill
in construction activities (e.g. Fityus et al. 2008; Heitor et al. 2016; Indraratna 1994;
Kaliboullah 2016; Leventhal 1996; Montgomery 1990; Okagbue and Ochulor 2007;
Rujikiatkamjorn et al. 2013; Tasalloti et al. 2015; Wang et al. 2019).
Another waste piling up in almost every country around the world is rubber tyres.
In Australia, around 56 million EPUs (equivalent passenger unit) of scrap rubber
tyres are generated each year (Tyre Stewardship Australia 2020) while the U.S.
generated more than 287 million scrap tyres in 2017 (U.S. Tire Manufacturers
Association 2019). From the small tyres of commuters’ cars to the medium sized
tyres of freight vehicles to the giant tyres of heavy duty machinery used in mega
construction sites, the stockpiles of this rubber waste can cause serious
environmental problems. In 2012 a fire broke out in a tyre dump in Kuwait that
contained five millions tyres. This event was called an “environmental catastrophe”
because these fires are not only difficult to control, the smoke can carry toxic
chemicals to populated areas (Daily Mail Reporter 2013). To reduce the hazards and
risks associated with waste rubber tyres in landfills, numerous studies have
suggested reusing and recycling rubber derivatives blended with sand and gravel
aggregates in construction activities. These mixtures could be used as a lightweight
backfill (Lee et al. 1999), as a subballast layer in railway tracks (Signes et al. 2016),
as a base/subbase in roads (Saberian et al. 2018), or as a damping layer beneath
2

ballast to reduce railroad vibrations (Cho et al. 2007). Further studies also evaluated
the effect of rubber on the dynamic properties of these mixtures given the high
damping properties of rubber (e.g. Anastasiadis et al. 2012; Ehsani et al. 2015; Feng
and Sutter 2000; Nakhaei et al. 2012; Senetakis et al. 2012).
From an environmental perspective, the reuse of these waste materials in
engineering activities can reduce the number of waste landfills and the need for new
quarries to provide raw aggregates. This study proposes an alternative construction
material composed of CW and rubber crumbs (RC) which can be used as a capping
layer in railway tracks. Most recently, Indraratna et al. (2018) optimized a mixture
of CW, steel furnace slag (SFS) and RC for use as a subballast material. One of the
main parameters of their study was the swelling potential of SFS because swelling
may lead to undesirable deformations if the live loads applied in practice cannot
balance the swelling stress (Chiaro et al. 2015). On this basis SFS is not considered
in this study and RC are added mainly to reduce the breakage potential of CW. The
basic geotechnical properties and the behaviour of the CWRC mixture under static
and cyclic loading are evaluated and an optimum rubber content is proposed based
on the criteria for a capping material. Empirical and analytical models are also
developed to describe the role of RC on the static and dynamic response of the
mixture.
1.2 Research Motivation
The reuse of granular waste materials such as CW and RC in ground engineering
projects has an environmental and an economic benefit. From an environmental
perspective, large areas of land where stockpiles of waste are stored can be cleared
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and used for more environmentally friendly purposes, and the need for new
quarries will be reduced if these wastes are used instead of natural rock aggregates.
Economically, waste materials are more inexpensive compared to natural
aggregates and in certain areas where new transportation infrastructure is planned,
granular waste materials may be more readily available, thus minimizing the cost of
material transportation. Although the research on waste materials such as CW and
rubber derivatives began almost three decades ago, their use in real life projects is
limited. This study aims to promote these waste aggregates as a construction
material and encourage the industry sector to sponsor more sustainable practices
when developing transportation infrastructure systems.
The challenge with using waste aggregates as construction materials is the
difference in their respective geotechnical properties. For instance, both CW and RC
have less frictional strength than rock aggregates, which reduces the overall bearing
capacity of waste mixtures. Moreover, rubber features particularly low stiffness when
sheared , so under load its internal deformations induce higher settlements.
Numerous studies have evaluated the role of rubber on the static and cyclic response
of traditional aggregates such as sand and gravel (e.g. Ehsani et al. 2015; Feng and
Sutter 2000; Lee et al. 1999; Lopera Perez et al. 2016; Nakhaei et al. 2012; Signes et
al. 2016; Youwai and Bergado 2003), but very few have considered a mixture
composed of waste aggregates only (Indraratna et al. 2018; Rujikiatkamjorn et al.
2013; Tasalloti et al. 2015). No past studies have assessed how rubber inclusions
would affect the behaviour of CW and the potential reuse of a CWRC mixture in
transportation infrastructure. The other motivation of this research is to determine
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the geotechnical properties of the CWRC mixture and compare them with existing
guides and standards for a capping material.
Numerical simulations are very important to predict the behaviour of a given
structure under load, which is why empirical and analytical models are developed
as part of this study to describe how rubber will affect design criteria such as
permeability, friction angle, shear strength, void ratio and deformation. These
models should encourage the intended industry to consider reusing these waste
materials given that their behaviour can be predicted using numerical simulations.
These models can also be used in future studies involving other aggregate-rubber
mixtures.
1.3 Objective and Scope
This research aims to promote the reuse of waste materials in ground engineering
projects through comprehensive experimental and theoretical analyses. The main
objective is to investigate the geotechnical characteristics of a mixture of CW and RC
(CWRC) for reuse as a capping material in railway corridors. The specific objectives
of this research are listed below:
1. Investigating basic geotechnical properties such as the specific gravity, the
particle size distribution (PSD), the compaction characteristics and the
hydraulic conductivity of four CWRC mixtures with 0%, 5%, 10% and 15% of
added rubber.
2. Evaluating the behaviour of the CWRC mixture under static and cyclic loading
to determine how rubber inclusions affect the stress-strain response and
important properties such as the peak friction angle, the shear strength, the
5

axial and volumetric deformation, the energy absorption potential, the
resilient modulus and shear modulus, the damping ratio and the breakage
index.
3. Developing empirical and analytical models to describe the role the rubber
content plays on the geotechnical properties of the CWRC mixture such as
the hydraulic conductivity, the peak friction angle and the shear strength, and
to predict the stress-strain response capturing the effect of rubber content.
4. Carrying out a technical assessment to determine the suitability of the
proposed mixture as a capping material and evaluating the practical
implications of this study to the industry and the environment.
1.4 Organization of the Thesis
This thesis is organized into nine chapters:
Chapter 1 is the Introduction; it describes the background, motivation, and
originality of this research, as well as the objectives and organization of the thesis
chapters.
Chapter 2 is a review of literature related to this research, specifically (i) the
properties of CW presented in past studies, (ii) the properties of aggregate-rubber
mixtures considered in previous studies, (iii) previous models developed to
describe the effect of rubber on the behaviour of aggregate-rubber mixtures, and
(iv) the indices proposed in past studies to quantify particle breakage.
Chapter 3 presents the waste materials and their respective proportions in the
mixtures considered and the experimental plan used to characterize the engineering
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behaviour of the CWRC mixture such as compaction tests, static triaxial compression
tests, and cyclic triaxial compression tests.
Chapter 4 describes the basic geotechnical characteristics of the CWRC mixture such
as compaction characteristics under different energy levels, the associated particle
breakage after compaction, and the saturated hydraulic conductivity.
Chapter 5 presents the results of static drained triaxial compression tests and
discusses the parameters determined from these tests. The role of RC on the stressstrain response, the characteristic state, the peak deviator stress state, and the
critical state is discussed. Semi-empirical models are also presented to predict
parameters such as the peak friction angle, the shear strength, and the void ratio,
while incorporating the effect of rubber contents.
Chapter 6 presents the results of cyclic triaxial compression tests and discusses the
effect of rubber content on the axial strain, volumetric strain, resilient modulus,
damping ratio, energy absorption and breakage. It also discusses how these
properties are affected by the cyclic stress ratio, the confining pressure and the
maximum deviator stress. The effect of introducing a rest period during cyclic
loading on the resilient response (i.e. the recoverable strain) is also presented.
Chapter 7 presents the general framework of the mathematical model used to
describe the stress-strain response of the CWRC mixture under static loading. The
parameters of the models capturing the effect of the rubber content are discussed
and the model is validated using data from this current study and past studies.
Chapter 8 presents an assessment of the potential reuse of the proposed CWRC
mixture as a capping material in railway tracks. A technical assessment is discussed
7

in terms of field compaction, acceptable strength, expected deformation and energy
absorption. The impact of this research on the environment and the relevant
industry is also discussed.
Chapter 9 presents the main findings of this study and further recommendations for
future research.
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CHAPTER TWO
2 LITERATURE REVIEW
2.1 Introduction
The reuse of waste materials in engineering projects has become increasingly
popular in recent years. Coal wash (CW), a by-product of coal mining operations, has
been recently studied by several researchers and suggested as a primary material
to replace conventional structural fills in various civil engineering projects. Rubber
crumbs (RC) produced by shredding waste tires are mainly introduced in a matrix
to reduce breakage and improve its energy absorption capacity and its damping
properties. Numerous studies have considered mixing rubber derivatives with other
traditional materials such as gravel and sand or with waste materials such as CW,
steel slag and recycled concrete. This chapter provides a thorough literature review
of experimental and theoretical studies conducted on CW and aggregate-rubber
mixtures. In addition, a review of previous studies on the breakage of granular
materials and the proposed breakage indices is presented.
2.2 Engineering Characterization of Coal Wash
2.2.1 Physical Properties
CW is generally a well-graded material (Chiaro et al. 2015; Indraratna 1994;
Indraratna et al. 2012; Leventhal and De Ambrosis 1985; Rujikiatkamjorn et al.
2013; Tasalloti et al. 2015). The maximum particle size of CW is highly dependent
on the mining machinery and coal breaker processes and differs significantly from
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one site to another. The particle size distribution (PSD) curves of CW reported in
several studies are shown in Fig. 2.1.

Figure 2.1 PSD curves of CW reported in the literature
The specific gravity of CW is smaller than that of conventional granular materials
due to its mineralogical composition and carbon content and values found in the
literature vary between 1.52 and 2.27 (e.g. Hegazy et al. 2004; Indraratna 1994;
Leventhal 1996; Okagbue and Ochulor 2007; Rujikiatkamjorn et al. 2013; Tasalloti
et al. 2015). Table 2.1 shows the mineralogical composition of coal reject from
different sites reported by Skarżyńska (1995). A few studies have reported on the
plasticity of CW (Fityus et al. 2008; Hegazy et al. 2004; Heitor et al. 2016; Okagbue
and Ochulor 2007) because it is mainly a low plasticity to non-plastic material,
depending on the mineral content (Chiaro et al. 2015; Leventhal 1996; Leventhal
and De Ambrosis 1985; Rujikiatkamjorn et al. 2013).

10

Table 2.1. Mineralogical composition of coal reject from different sites
(Skarżyńska 1995)
Component

Belgium

Germany

Spain

UK

Illite

80

41-66

20-60

10-31

Kaolinite

12

4-25

3-30

10-40

Mixed layer illitemontmorillonite

0

-

8

Clorite

5

1-3

0-7

2-7

Quartz

8

13-27

5-57

15-25

Pyrites

0.5

0.5-5

-

2-10

Carbonaceous matter

10

5-10

4-30

5-25

6-18

2.2.2 Geotechnical Properties
The compaction curve of CW is typically S-shaped due to its cohesionless nature; an
upward concave curve is expected at low moisture content whereas the curve is
concave-downwards at higher moisture contents (Leventhal 1996). This behaviour
is typically observed for well-graded sand (Christopher et al. 2006; Foster 1962).
Such behaviour was not reported in any study on CW mainly because low moisture
contents (less than 5%) were not considered in the analysis. CW is generally a low
permeability granular material (Chiaro et al. 2015; Indraratna et al. 2012;
Rujikiatkamjorn et al. 2013). However, Leventhal (1996) reported relatively higher
permeability values. This difference in the permeability coefficients reported in
different studies is mainly due to the difference in particle size distribution and
compaction effort as well as the source of the waste material (Skarżyńska 1995).
Table 2.2 lists the maximum dry density (MDD), the optimum moisture content
(OMC) and the permeability data reported in different studies.
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Table 2.2. Compaction and permeability characteristics of CW
Reference
Indraratna (1994)

MDD
(kN/m3)

OMC
(%)

Permeability
(m/s)

15.5

12.1

1.8x10-1

Leventhal (1996)

10-3 - 10-5

Leventhal (1996)

10-2 - 10-4 a

Hegazy et al. (2004)

19.7

6.4

-

Indraratna et al. (2012)

16.2

10.4

10-6 - 10-7

Rujikiatkamjorn et al. (2013)

16.2

10.4

1x10-6 – 6x10-8

Chiaro et al. (2015)

17.2

9.8

5.0x10-7

Heitor et al. (2016)

16.5

12.5

-

The compressive strength of CW is usually lower than that of conventional materials
which makes it inadequate for some engineering applications unless treated or
stabilized (Leventhal and De Ambrosis 1985). Some studies considered the use of
lime, cement and fly ash to increase the strength of CW (Indraratna 1994;
Montgomery 1990; Okagbue and Ochulor 2007; Rujikiatkamjorn et al. 2013). Table
2.3 lists the unconfined compressive strength of raw and stabilized CW reported in
the literature.
Table 2.3. Unconfined compressive strength of coal wash
Reference

Montgomery (1990)

a

% Cement

% Fly Ash

UCS (kPa)

4

-

1900b

6

-

3600b

8

-

5000b

4

4

4200b

4

2

2500b

Field determined permeability

12

Indraratna (1994)

Okagbue and Ochulor (2007)

Rujikiatkamjorn et al. (2013)

6

3

4600b

8

4

6800b

2

4

1700b

3

6

3700b

4

8

4000b

2

-

500b

0

-

15.0

2

-

20.0

6

-

33.8

10

-

40.0

Above-water conditions

20.0 - 200

Submerged conditions

10.0 - 20.0

In terms of shear strength, some studies suggested that coal wash is generally a
cohesionless material with a straight line Mohr-Coulomb failure envelope, but might
exhibit curved failure envelopes at low confining pressures (Leventhal 1996;
Leventhal and De Ambrosis 1985; Tasalloti et al. 2015). Taylor (1978) found that
the effective shear strength envelope passes through the origin (𝑐′ is zero) and the
curvature of the envelope is more pronounced as the plasticity increases because of
increased particle breakage with increasing normal stresses. However, other studies
in the literature showed that the coal refuse might exhibit an effective cohesion
cohesion (Okagbue and Ochulor 2007; Rujikiatkamjorn et al. 2013; Skarżyńska
1995). Table 2.4 lists the strength parameters of treated and untreated coal refuse
reported in different studies.

b

28 days curing

13

Table 2.4. Shear strength of coal wash
Reference

% Cement

Friction Angle
(°)

Indraratna (1994)

Okagbue and Ochulor (2007)

Rujikiatkamjorn et al. (2013)

Skarżyńska (1995)

Effective
Cohesion
(kPa)

5

38

600

0

17

54

2

15

60

6

14

78

10

12

86

-

38

49.2

Fresh
material

26 - 42

5 - 35

Weathered
material

30-47

34-35

2.3 Aggregate-Rubber Mixtures
2.3.1 Waste Rubber Tyres and Tyre Derived Aggregates (TDA)
Each year, Australia generates around 56 million EPUs (Equivalent passenger unit)
of waste rubber tyres, of which 10% only is recycled (Tyre Stewardship Australia
2020). In the US, 287 million waste tyres were generated in 2017 and the rate of
rubber recycling jumped from just 11% in 1990 to over 80% in 2017 where tyre
derived fuel (TDF) was the leading market for waste tyres using more than 43% of
the total waste generated in 2017 (U.S. Tire Manufacturers Association 2019). Civil
engineering is another market where shredded rubber tyres can be used. Despite
the many benefits of lightweight and energy absorbing rubber aggregates, their
reuse in civil engineering has been limited over the years. For instance, in 2017 only
7.9% of the waste tyre generation was used in civil engineering projects in the U.S.
14

(U.S. Tire Manufacturers Association 2019). Although the civil engineering market
for waste rubber tyres is currently emerging in Australia, there is a lack of previous
practical initiatives for the reuse of TDAs in civil engineering works, a fact associated
mainly with technical barriers (i.e. lack of testing, evidence and supporting
standards and specifications) (Genever et al. 2017).
However, numerous studies have considered mixing rubber material with other
traditional aggregates such as sand and gravel (Anastasiadis et al. 2012;
Anbazhagan et al. 2017; Balaban et al. 2019; Madhusudhan et al. 2019; Masad et al.
1996) and/or with other waste materials such as recycled glass, steel slag and
recycled concrete (Qi et al. 2018; Saberian et al. 2019). These studies have mainly
focused on the effect of rubber on the shear strength, axial and volumetric strain,
damping properties and energy absorption capacity among others.
2.3.2 Basic Geotechnical Properties
Depending on their size, tyre derived aggregates (TDAs) are divided into five
categories as shown in Table 2.5 (ASTM 2008). Tyre shreds and tyre chips have a
basic geometrical shape while rubber crumbs are mostly non-spherical particles
with no definite geometrical shape.
Table 2.5. Types of rubber derivatives (ASTM 2008)
Category

Size

Tyre shreds

50 mm – 305 mm

Tyre chips

12 mm – 50 mm

Granulated rubber (rubber crumbs)

425 μm – 12 mm

Powdered rubber

< 425 μm
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TDA’s are lighter than traditional aggregates such as sand and gravel. Tyre chips are
mostly lighter than tire shreds because they have the steel wire removed. An
average specific gravity around 1.1 was reported in different studies considering
rubber shreds, chips and crumbs (Table 2.6).
Table 2.6. Specific gravity of tyre derived aggregates
Reference
Ahmed (1993)

Specific gravity
0.88-1.13

Edil and Bosscher (1994)

1.15

Masad et al. (1996)

1.07

Foose et al. (1996)

1.21-1.27

Youwai and Bergado (2003)

1.15

Zornberg et al. (2004)

1.15

Kim and Santamarina (2008)

1.14

Nakhaei et al. (2012)

1.1

Senetakis et al. (2012)
Anastasiadis et al. (2012)

1.10

Dunham-Friel and Carraro (2014)

1.16

Mashiri et al. (2015)

1.12

Anbazhagan et al. (2017)
Indraratna et al. (2018)

1.11-1.16
1.15

Depending on the desired benefit of adding TDAs (i.e. reinforcement, energy
absorption, reduction of particle breakage, etc.), different PSD curves were adopted
in different studies as shown in Fig 2.2.
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Figure 2.2. PSD curves of TDAs reported in the literature
While some studies adopted the vibratory method to compact aggregate-rubber
mixtures (Foose et al. 1996), in their study on sand-rubber mixtures, Edil and
Bosscher (1994) reported that vibratory compaction methods are not appropriate
to study the compaction characteristics given that rubber is light and energy
absorbing. Instead, impact compaction methods proved to be more appropriate.
Also, Youwai and Bergado (2003) showed that the behaviour of the material differs
significantly when different compaction methods are adopted.
In terms of the effect of rubber on the compaction efficiency, Edil and Bosscher
(1994) found that the unit weight of sand-rubber mixtures decreased with
increasing rubber contents when the mixture was compacted under standard
Proctor effort, which was an expected outcome. They suggested that porosity was a
better representation of the compaction efficiency, when the unit weight of the
constituents are significantly different. Youwai and Bergado (2003) also prepared
their sand-rubber samples using standard Proctor compaction effort and reported
17

a decrease in maximum dry density with increasing rubber contents. However,
Foose et al. (1996) showed that the shear strength of sand-rubber mixtures depends
on the unit weight of the mixture. Therefore, it is important to consider increasing
the compaction energy for aggregate-rubber mixtures to achieve a relatively denser
packing and a higher shear strength.
2.3.3 Stress-Strain Relationship
Lee et al. (1999) evaluated the stress-strain response of rubber-sand mixtures with
40% rubber as a lightweight backfill material. For the relatively high rubber
contents considered in their study, a peak stress was not clear even at an axial strain
of 25%. In other words, the failure strain of such mixtures is not within the limits of
conventional instruments where a very high axial strain is needed to reach the failure
state. The same was observed by Zornberg et al. (2004) for mixture of sand and tyre
shreds with a high rubber content (i.e. 60%). For a lower rubber content (< 38%), a
defined peak could be determined from the stress-strain curve. Youwai and Bergado
(2003) studied the stress-strain relationship of sand-rubber mixtures with rubber
contents varying between 0% and 100%. They found that the distortional strain at
the peak state and the phase transformation state increased with increasing rubber
contents, a behaviour attributed to the high deformation potential of rubber. The
critical state was clearly observed in the deviator stress vs. distortional strain curves
at a distortional strain of 25%. However, when examining the volumetric strain vs.
distortional strain curves, a conventional critical state marked with a zero rate of
volumetric deformation was difficult to attain due to the ongoing deformation of
rubber particles even after the sample had reached a steady stress state.
Anbazhagan et al. (2017) tested the effect of rubber size on the shear strength of
18

sand-rubber mixture using the direct shear apparatus. The shear stress-shear strain
plots exhibited a peak followed by a softening behaviour for all rubber contents less
than 30%.
For all the confining pressures used in the study (28-193 kPa) by Lee et al. (1999),
a contractive behaviour followed by a dilation was observed for the volumetric
strain, and the contractive behaviour was spread over a wider range of the axial
strain compared with mixtures of sand only. Similarly, Youwai and Bergado (2003)
and Anbazhagan et al. (2017) also found that all the mixtures exhibited a contractive
behaviour followed by a dilative volumetric strain. The same behaviour was
reported by Zornberg et al. (2004) except for the mixture with 60% rubber where a
contractive behaviour only was observed for the range of axial strain considered in
their study.
2.3.4 Shear Strength
Edil and Bosscher (1994) found that rubber inclusions improved the frictional
strength of sand-rubber mixtures. The same was reported by Foose et al (1996)
where sand-rubber mixtures exhibited a non-linear strength envelope. For lower
normal stresses, the initial friction angle of sand-rubber mixture was higher than
that of pure sand, while both mixtures had almost the same friction angle at higher
normal stresses. Youwai and Bergado (2003) reported an opposite observation; the
shear strength of rubber-sand mixtures decreased when rubber content in the
mixture increased from 0% to 100% and the mixture exhibited a cohesion intercept
which they attributed to compaction. The main factor contributing to this contrary
observation was the rubber size and shape. Youwai and Bergado (2003) used
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uniform rubber particles with a unit aspect ratio, meaning that rubber was not
acting as a reinforcement within the sand matrix, which was the case for Edil and
Bosscher (1994) and Foose et al. (1996). Zornberg et al. (2004) also reported that
the shear strength of tire shred-sand mixtures increased with increasing rubber
contents up to 35% where rubber shreds were acting as a reinforcement. When
rubber content increased beyond 35%, the shear strength was governed by the
strength of rubber shreds, causing a decrease in the shear strength. A similar trend
was reported by Anbazhagan et al. (2017) where the shear strength increased with
the rubber content up to a certain threshold and then decreased thereafter. The
threshold was dependent on the size of rubber particles. This indicates that the
effect of rubber inclusion on the shear strength is highly dependent on the size, the
shape and the type of rubber particles.
2.3.5 Dynamic Properties
The dynamic properties of any granular material are often used as design criteria
during the design process of transport corridors. These properties include the
resilient modulus, the shear modulus, the damping ratio, and the expected
settlements under cyclic loading. While several past studies assessed the dynamic
properties of aggregate-rubber mixtures, most of these studies focused mainly on
the small-strain dynamic properties, i.e. small-strain shear modulus and smallstrain damping ratio (e.g. Anastasiadis et al. 2012; Esmaeili et al. 2016; Feng and
Sutter 2000; Li et al. 2016; Nakhaei et al. 2012; Senetakis et al. 2012).
The resilient modulus is related to the recoverable strain during a cyclic loading test.
Given that rubber is highly elastic, it is expected that the recoverable strain for the
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same stress range would increase with increasing rubber contents. In fact, Edil and
Bosscher (1994) showed that the resilient modulus of sand-rubber mixtures
decreased significantly when the rubber content increased from 0% to 30%. After
that, the rate of reduction in the resilient modulus decreased with increasing rubber
content up to 70%. More recently, Qi et al. (2018) investigated the cyclic behaviour
of CW-SFS-RC mixtures and also reported a reduction in the resilient modulus with
increasing rubber contents. An exponential function of the form:
′

𝑀𝑟 = 𝑓1 (𝜎3′ ) × 𝑒 𝑓1(𝜎3)𝑅𝐶

(2.1)

was proposed to predict the resilient modulus, 𝑀𝑟 , of the CW-SFS-RC mixtures as a
function of rubber content and the effective confining pressure.
The damping ratio is an indication of the energy dissipation efficiency of the mixture
during one load cycle and the shear modulus is a parameter related to the stiffness
of the material. Feng et al. (2000) tested sand-rubber mixtures in a dry or slightly
moist condition and observed that the damping ratio increased, and the shear
modulus decreased with increasing rubber contents. However, the damping ratio
was not significantly affected by the confining pressure, whereas the shear modulus
increased with increasing confining pressure. Anastasiadis et al. (2012) measured
the small strain damping ratio of sand-rubber mixtures and also reported an
increase in the damping ratio with increasing rubber contents with a more
pronounced increase for a rubber content above 5%. On the other hand, cyclic
triaxial tests conducted on a well-graded gravel with clay mixed with granulated
rubber by Nakhaei et al. (2012) showed that the damping ratio increased with
increasing rubber contents only for high confining pressures (200 and 300 kPa). The
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damping ratio decreases with increasing rubber contents for a confining pressure
less than 100 kPa. This discrepancy is mainly attributed to the elasticity of rubber
and the increase in its compressibility potential when the confining pressure
increases. Esmaeili et al. (2016) tested the dynamic response of railway ballast
mixed with tyre derived aggregates (TDA) and found that the damping ratio of the
mixture with 11% TDA was twice the damping ratio of pure ballast, and the increase
in the damping properties diminished progressively for higher TDA contents. Like
Feng et al. (2000), Anastasiadis et al. (2012) and Nakhaei et al. (2012) found that the
shear modulus decreased when rubber content increased and increased when the
confining pressure increased.
2.4 Constitutive Modelling
2.4.1 Overview of Constitutive Models
Numerous constitutive models have been developed for frictional materials (soils)
in the past few decades. While some models have been developed based on
experimental analyses, others have relied on theoretical formulations. Such
constitutive laws are generally used in numerical models to predict the stress-strain
behaviour of soils.
Simple elasto-plastic models (e.g. DiMaggio and Sandler 1971; Drucker 1957;
Drucker and Prager 1952; Lade 1977; Rowe 1962; Wan and Guo 1998) date back to
1952 when Drucker and Prager (1952) proposed a model to describe the stressstrain response of pressure-dependent materials such as soils, rock and concrete.
The model used a conical failure surface which is mainly a generalization of the
Mohr-Coulomb failure surface. Rowe (1962) developed a model to describe the
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stress-dilatancy behaviour of sand which was later modified by Wan and Guo (1998)
to capture the dependency of granular soil behaviour on the void ratio and stress
level. Later, an elastic-plastic model was developed by Lade (1977) for cohesionless
soils with curved yield surfaces incorporating work-hardening and work softening
behaviour. While these simple models were the foundation for many subsequent
advanced constitutive models for soils, in their earlier version they lacked one or
more of the conditions for the constitutive model to be considered as realistic,
practically useful, and applicable for soils (Lade 2005).
The modifications of the early elasto-plastic models lead to more complicated
mathematical formulations where numerous material properties are required. Also,
elasto-plastic models imply the decomposition of deformation into elastic and
plastic parts which imposes some limitations in applying the elasto-plasticity theory
to granular materials where a purely elastic range does not exist in reality (Wu et al.
1996). In an attempt to develop simple models with improved predictive capacity,
the theory of hypoplasticity was first introduced by Dafalias (1986) for predicting
the mechanical behaviour of granular materials. The main features of the elastoplasticity theory such as the yield surface, plastic potential, decomposition of the
deformation into elastic and plastic parts, hardening and flow rule were not used in
the formulation of the model. While these early hypoplasticity models were
developed without thermodynamics considerations, a limited number of models
which satisfy the laws of thermodynamics were later developed (e.g. Jiang and Liu
2007; Svendsen et al. 1999).
Both the elasto-plasticity and hypoplasticity theories were developed within the
framework of critical state. The critical state concept widely used in soil mechanics
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modelling was first introduced by Roscoe et al. (1958) who proved that the concept
was applicable to clay and sand and developed the Cam Clay model, an elasto-plastic
strain hardening model based on the critical state concept and the assumption that
a logarithmic relationship between the mean stress and the void ratio exists. The
Cam-Clay model was later modified by Roscoe and Burland (1968) and numerous
models were later developed within the framework of critical state (Adachi and Oka
1982; Chen and Zhang 2013; Dafalias 1986; Indraratna et al. 2015; Jefferies 1993; Li
and Dafalias 2000; Liu and Carter 2002; Liu and Carter 2003; Manzari and Dafalias
1997; Wu et al. 1996). These models varied in complexity and the range of granular
materials of which they could accurately predict the behaviour and they usually
require robust finite element modelling (FEM) programs with numerical algorithm
to integrate the constitutive equations governing material behaviour. Numerous
methods, usually divided between explicit and implicit schemes, have been
proposed in the literature for the numerical integration of stresses in elasto-plastic
material models formulated as differential relationships between stresses and
strains for which closed form integration is not possible.
On the other hand, some researchers attempted to develop explicit stress-strain
equations to describe the behaviour of different materials (Poh 1997; Wroth and
Bassett 1965; Xu et al. 2018). Most recently, Xu et al. (2018) proposed a set of two
explicit equations to simulate the shear stress ratio-deviator strain and the
volumetric strain-deviator strain relationships of frictional materials under
monotonic loading. Unlike previous models that are tailored to specific groups of
geomaterials (e.g. Horpibulsuk et al. 2010; Jefferies 1993; Lade and Kim 1995; Masín
2007; Wan and Guo 1998) and/or specific stress and strain conditions (Liu and
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Carter 2003; Wood et al. 1993), the proposed model can capture the shearing
behaviour of a wide range of frictional materials and the model parameters can be
determined experimentally. Instead of the deviator stress, the stress ratio, 𝜂, was
expressed as a function of the distortional strain, 𝜀𝑑 , as:
−𝜀𝑑
𝜀𝑑
𝜂 = 𝑀𝑓 [1 + (
− 1) 𝑒 𝜀𝑑,𝑖 ]
𝜀𝑑,𝑢

(2.2)

where 𝑀𝑓 is the critical state stress ratio, 𝜀𝑑,𝑢 is the distortional strain at 𝜂 = 𝑀𝑓
before the peak strength is reached and 𝜀𝑑,𝑖 is the characteristic distortional strain
defined as (𝜀𝑑,𝑝 − 𝜀𝑑,𝑢 ) with 𝜀𝑑,𝑝 being the distortional strain at peak strength. The
equation proposed for the volumetric strain, 𝜀𝑣 , was:
−𝜀

𝜀𝑣 =

𝑣
𝜀𝑑,𝑖
𝑀𝑣

𝑣
𝑣
𝑑
𝜀𝑑,𝑖
𝜀𝑑,𝑖
+ 𝜀𝑑
𝑣
[1 − 𝑣 + ( 𝑣
− 1) 𝑒 𝜀𝑑,𝑖 ]
𝜀𝑑,𝑢
𝜀𝑑,𝑢

(2.3)

𝑣
where 𝜀𝑑,𝑖
is a model parameter that corresponds to the distortional strain at which

the dilatancy-distortional strain curves intersect, 𝑀𝑣 is the value of dilatancy at 𝜂 =
0 which can be measured directly from the volumetric strain-distortional strain
𝑣
curve and 𝜀𝑑,𝑢
is a model parameter that corresponds to the distortional strain

where the dilatancy is zero (i.e. where the behaviour shifts from contraction to
dilation). The model was found to accurately capture the stress-strain relationships
of 27 different types of frictional materials and 98 tests in total. However, the model
is based on the assumption that there exists a characteristic distortional strain at
which the tangent distortional modulus is independent of the initial stress and strain
states and that a clear critical state exists at the final stage of the deformation of a
frictional material under monotonic loading where the material can be continuously
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distorted with its stress state and void ratio remaining constant. Therefore, the
abovementioned conditions must be carefully established before adopting the
model to predict the stress-strain relationships of any frictional material.
2.4.2 Models for Aggregate-Rubber Mixtures
A limited number of models have been proposed for aggregate-rubber mixtures (e.g.
Lee et al. 1999; Mashiri et al. 2016; Mashiri et al. 2015; Qi et al. 2019; Qi et al. 2018;
Youwai and Bergado 2003). Lee et al. (1999) adopted a hyperbolic model previously
proposed by Duncan et al. (1980) to mimic stress and deformation behaviour of
sand-rubber mixtures. A hyperbolic function is proposed to relate the deviator
stress and the axial strain:

𝑞=

𝜀1
1
𝜀1
𝐸𝑖 + 𝑞𝑢𝑙𝑡

(2.4)

where 𝜀1 is the axial strain, 𝐸𝑖 is the initial tangent Young’s modulus and 𝑞𝑢𝑙𝑡 is the
ultimate (asymptotic) deviator stress. However, this model failed to predict the
post-peak stress softening as it assumed a hyperbolic elastic behaviour. The model
could not predict plastic failure and plastic strains and could only model the
contractive behaviour of soils, thus it could not represent the dilative response
observed in aggregate-rubber blends.
Youwai and Bergado (2003) developed a hypoplasticity model for sand-rubber
mixtures to simulate strength and deformation characteristics based on the critical
state framework previously proposed by Li and Dafalias (2000). The general
equations of the model are based on the theory of plasticity developed originally by
Dafalias (1986):
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{

𝜕𝑞
3𝐺
} = [(
𝜕𝑝′
0

1
9𝐺 2
0
(
)−
𝐾
𝐾𝑝 + 3𝐺 − 𝐾𝜂𝑑 3𝐾𝐺𝑑

𝜕𝜀𝑞
−3𝐾𝐺𝜂
)] (
)
2
𝜕𝜀𝑣
−𝐾 𝜂𝑑

(2.5)

Where 𝜕𝑞 is the incremental deviator stress, 𝜕𝑝′ is the incremental mean effective
stress, 𝐺 is the elastic shear modulus, 𝐾 is the elastic bulk modulus, 𝐾𝑝 is the plastic
modulus, 𝜂 is the stress ratio (𝜂 = 𝑞/𝑝′), 𝑑 is the dilatancy, 𝜕𝜀𝑞 is the incremental
deviator strain and 𝜕𝜀𝑣 is the incremental volumetric strain. Initially, the equation
for dilatancy was:

𝑑 = 𝑑0 (𝑒 𝑚𝜓 −

𝜂
)
𝑀

(2.6)

where 𝑑0 is a model parameter that can be calibrated form the 𝜀𝑣 - 𝜀𝑞 curves, 𝑚 is a
model parameter, 𝜓 is a state parameter defined as (𝑒 − 𝑒𝐶𝑆 ) with 𝑒 being the
current void ratio and 𝑒𝐶𝑆 the void ratio at the critical state, and 𝑀 is the stress ratio
at the critical state. Youwai and Bergado (2003) modified the equation for dilatancy
as they observed that the initial dilatancy increased with the mean stress for sandrubber mixtures:
𝑝
𝜂
𝑑 = 𝑘𝑑 ( ) (𝑒 𝑚𝜓 − )
𝑝𝑎
𝑀

(2.7)

where 𝑘𝑑 is a model parameter and 𝑝𝑎 is the atmospheric pressure. The
hypoplasticity model proposed by Youwai and Bergado (2003) captured the stressstrain behaviour of sand-rubber mixtures more accurately than the hyperbolic
model as it covered both the contractive and dilative behaviour. However,
experimentally, sand-rubber mixtures could not reach a clear critical state unless
the axial strains are very large and critical state parameters were extrapolated to
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calibrate the model. Therefore, the model prediction deviated from the
experimental data in the post-peak softening range.
Mashiri et al. (2015) proposed a dilatancy model which accounts for the absence of
a critical state in sand-rubber mixtures. The critical state (CS) framework was
modified to a constant stress ratio (CSR) framework. The same dilatancy equation
proposed by Li and Dafalias (2000) was used, but a new framework was developed
to determine the model parameters 𝑑0 and 𝑚 by considering three main stress
ratios, namely, the peak stress ratio 𝜂𝑏 where 𝑞 = 𝑞𝑝𝑒𝑎𝑘 , the stress ratio at the
transformation phase where the behaviour changes from contractive to dilative 𝜂𝑑 ,
and the constant stress ratio 𝜂𝐶𝑆𝑅 where the stress ratio becomes constant and the
incremental volumetric strain approaches zero:

𝑑0 =

𝑑𝑏
∗
(𝑒 𝑚𝜓𝑏

𝑚=

𝑀𝑏∗
− ∗ )
𝑀𝐶𝑆𝑅

1
𝑀𝑑∗
ln
(
∗ )
𝜓𝑑∗
𝑀𝐶𝑆𝑅

(2.8)

(2.9)

In the above 𝑑𝑏 is the dilatancy at the peak stress, 𝜓𝑏∗ is the modified state
parameters at peak stress state defined as (𝑒𝑏 − 𝑒𝐶𝑆𝑅 ) with 𝑒𝑏 being the void ratio
at the peak stress state and 𝑒𝐶𝑆𝑅 is the void ratio associated with the CSR, 𝜓𝑑∗ is the
modified state parameters at the transformation phase defined as (𝑒𝑑 − 𝑒𝐶𝑆𝑅 ) with
∗
𝑒𝑑 being the void ratio at the transformation phase and 𝑀𝑏∗ , 𝑀𝑑∗ , and 𝑀𝐶𝑆𝑅
are the

equivalent frictional parameters at the peak state, phase transformation state and
the CSR state, respectively. Although the model established a substitute for the
critical state framework by considering the state at which the stress ratio becomes
28

constant with 𝑑 ≠ 0, some of the parameters used in this model did not account for
the effect of rubber content on the values of these parameters obtained from static
drained triaxial tests.
Most recently, an elasto-plastic model was developed by Qi et al. (2019) within the
critical state framework to predict the behaviour of a mixture of CW, SFS and RC.
The model was based on the bounding surface concept, originally introduced by
Dafalias and Popov (1975). To incorporate the influence of rubber on the behaviour
of the material, an empirical function between the total work input, 𝑊𝑡𝑜𝑡𝑎𝑙 , and the
∗
CS stress ratio, 𝑀𝐶𝑆
, was introduced to capture the energy-absorbing property of the

waste mixtures in a dilatancy model, and with this empirical model accurate CS
parameters of the waste mixtures could be obtained:

∗
𝑀𝐶𝑆

𝑊𝑡𝑜𝑡𝑎𝑙 𝛼
)
= 𝑀0 × (
𝑊0

(2.10)

In the above 𝑀0 is the CS stress ratio when 𝑊𝑡𝑜𝑡𝑎𝑙 = 1, 𝛼 is a regression coefficient
and 𝑊0 = 1 kPa. The total work was given by:
d𝑊 = 𝑝′ d𝜀𝑣 + 𝑞d𝜀𝑞

(2.11)

where 𝑝′ is the mean effective stress, 𝑞 is the deviator stress, d𝜀𝑣 is the incremental
volumetric strain and d𝜀𝑞 is the incremental deviator strain. In addition, Qi et al.
(2018) found that the critical state line (CSL) rotated as the rubber content increases
and a modified equation was proposed for the state parameter 𝜓 ∗ :
′ )
(Γ ∗ − λ∗ ln 𝑝𝐶𝑆
𝜓∗ = 𝑒 − ⏟
𝑒𝐶𝑆

(2.12)
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′
where Γ ∗ is the void ratio at 𝑝𝐶𝑆
= 1 kPa, λ∗ is the gradient of the CSL in the 𝑒 − ln 𝑝′

space, 𝑒𝐶𝑆 is the void ratio at the CS. The parameters Γ ∗ and λ∗ were expressed as a
linear function of rubber content using the following equations:
Γ ∗ = Γ1 + Γ2 𝑅𝑏

(2.13a)

λ∗ = λ1 + λ2 𝑅𝑏

(2.13b)

where Γ1 , Γ2 , λ1 , λ2 are calibration parameters and 𝑅𝑏 is the rubber content in
percent.
Although these models incorporated in one way or another the influence of rubber
on the overall behaviour of the material, the influence of the internal deformation of
rubber on the experimental determination of some of the important parameters
used in these models were not thoroughly investigated and accounted for. For
instance, the void ratio and the volumetric strain can no longer be determined using
the traditional soil mechanics equations. For relatively incompressible materials
like sand and CW, the volume of solids within the mixture is assumed to be constant
given that the deformation of the solid phase is negligible. However, when rubber is
introduced into the mixture, internal deformation of the rubber particles can
significantly affect the values of the void ratio and volumetric strain and this
influence must be accounted for when developing constitutive models with a
compressible constituent.
2.5 Particle Degradation of Granular Material
When a soil body is subject to loading, particles move to form a more stable
arrangement resulting in the breakage of their angular corners (Indraratna et al.
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2005). CW is known to be a weak material with a high potential for breakage. Many
studies have defined and assessed the factors affecting particle breakage as well as
its influence on the geotechnical behaviour of soil bodies in terms of shear strength,
deformations, permeability, critical state, etc. (e.g. Bandini and Coop 2011; Gupta
2016; Hardin 1985; Heitor et al. 2016; Hossain et al. 2007; Indraratna et al. 2005;
Indraratna et al. 2015; Lade and Karimpour 2010; Lade and Yamamuro 1996; Lade
et al. 1996; Lee and Farhoomand 1967; Marsal 1967; Marsal 1973; Rujikiatkamjorn
et al. 2013; Sowers et al. 1965; Wang et al. 2015; Wang et al. 2014; Yaghoubi et al.
2017). Also, breakage has been quantified differently depending on the geotechnical
properties that are of concern in different geotechnical applications.
2.5.1 Breakage Indices
Different breakage indices were developed in the literature to evaluate breakage
quantitatively and assess its influence on the geotechnical behaviour of soil bodies
such as permeability, shear strength, settlements, and the critical state line. Lee and
Farhoomand (1967) studied the effect of breakage on the design of soil filters and
gravel drains in earth dams and defined relative crushing index as:

𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑐𝑟𝑢𝑠ℎ𝑖𝑛𝑔 =

𝐷15𝑖
𝐷15𝑎

(2.14)

where 𝐷15𝑖 is the grain size corresponding to 15% of the material finer in the initial
grain size distribution, and 𝐷15𝑎 that in the grain size distribution after testing.
Marsal (1967) studied particle breakage of rockfill materials and defined a breakage
measure, 𝐵𝑔 , as the percentage by weight of the particles that has undergone
breakage:
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𝐵𝑔 = ∑(∆𝑊𝑘 > 0)

(2.15)

where ∆𝑊𝑘 = (𝑊𝑘𝑖 − 𝑊𝑘𝑓 ) with 𝑊𝑘𝑖 and 𝑊𝑘𝑓 representing the percentage of the
total sample weight retained in each grain size of the particle size distribution before
and after testing, respectively (Marsal 1973).
Hardin (1985) evaluated the effect of particle breakage on the strength and stressstrain relationship of soils. The author defined the breakage potential, 𝑏𝑝 , of a given
particle size as:
𝐷

𝑏𝑝 = 𝑙𝑜𝑔10 (0.074) for 𝐷 ≥ 0.074 𝑚𝑚

(2.16a)

𝑏𝑝 = 1 for 𝐷 ≤ 0.074 𝑚𝑚

(2.16b)

where 𝐷 is the particle size, and then defined the breakage potential, 𝐵𝑝 , and the
total breakage after loading, 𝐵𝑡 , as:
1

𝐵𝑝 = ∫ 𝑏𝑝 𝑑𝑓

(2.16c)

0
1

𝐵𝑡 = ∫ (𝑏𝑝𝑜 − 𝑏𝑝𝑙 )𝑑𝑓

(2.16d)

0

where 𝑏𝑝𝑜 is the original value of 𝑏𝑝 before loading and 𝑏𝑝𝑙 is the value of 𝑏𝑝 after
loading.
Lade et al. (1996) studied the effect of particle breakage on permeability and
developed a breakage index with reference to Hazen’s formula for permeability
(Hazen 1911) as:

𝐵10 = 1 −

𝐷10𝑓
𝐷10𝑖

(2.17)

where 𝐵10 is particle breakage factor, 𝐷10𝑓 is the effective grain size of the final
gradation and 𝐷10𝑖 that of the initial grain size distribution.
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Indraratna et al. (2005) developed a Ballast Breakage Index, (BBI), based on the shift
in the PSD curve due to breakage and then it was modified to a Breakage index (BI)
by the authors to evaluate the particle breakage of CW (Chiaro et al., 2015;
Indraratna et al., 2018). The authors defined an arbitrary boundary of maximum
breakage as shown in Fig. 2.3 and defined breakage as the area between the initial
and final particle size distribution divided by the area enclosed by the initial particle
size distribution and the arbitrary boundary of maximum breakage:

𝐵𝐼 =

𝐴
𝐴+𝐵

(2.18)

Figure 2.3 Ballast breakage Index, BBI (after Indraratna et al., 2005)
2.5.2 Applicability of Breakage Models
Lade et al. (1996) used linear extrapolation to get 𝐷10𝑓 when more than 10% of
particles passed the No. 200 sieve. However, for materials with a relatively high fines
content, extrapolated values of 𝐷10𝑓 would be very small and erroneous. Similarly,
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the use of 𝐷15 would give unrealistic results in certain circumstances (Lee and
Farhoomand 1967). Plus, because breakage usually occurs in larger particles,
𝐷10 and 𝐷15 values after compaction and loading are insensitive to variations in
moisture content, compaction methods, state of stress and other factors that are
shown to influence particle degradation in the literature. Therefore, the
corresponding breakage indices cannot not be used to assess improvement methods
that would minimize particle breakage of granular materials with coarse aggregates
during compaction and loading. On the other hand, breakage models proposed by
Marsal (1967), Hardin (1985) and Indraratna et al. (2005) incorporated the full PSD
curve before and after compaction and not only a specific particle size. However,
these indices might also require modifications that are tailored to specific materials
and corresponding breakage behaviour. Accordingly, the BI initially proposed by
Indraratna et al. (2005) will be used to evaluate the breakage of the waste mixture
considered in this study, knowing that it was successfully adopted by previous
studies where CW was used (Chiaro et al. 2015; Indraratna et al. 2018).
2.6 Chapter Summary
The reuse of waste materials such as coal wash and rubber crumbs as construction
fills in the foundation layers of transportation corridors provides economic and
environmental benefits to an array of industries including the construction industry,
the rubber producing industry and the coal mining industry. On one hand, using
waste materials is more economical and, in some places, more readily available than
quarried rock aggregates. On the other hand, such initiative is a potential solution to
the stockpiles of waste materials that are occupying large areas of usable land.
Previous studies showed that compacted CW could have engineering properties
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comparable to traditional construction fills. However, most of these studies pointed
to the breakage potential of CW. In this context, no previous studies have considered
adding rubber to CW to minimize its degradation. Thus, the study of the geotechnical
properties of a mixture of CW and RC such as the hydraulic conductivity, the
compaction characteristics and the strength and deformation under static loads
would provide a full understanding of the expected behaviour of the mixture in
practice.
In addition to that, adding rubber to relatively rigid aggregates like sand and gravel
was found to improve the damping properties of the mixture and increase its energy
dissipation efficiency. Therefore, adding rubber can reduce the vibrations
transmitted to the sublayers of transport corridors from the cyclic live loads.
Numerous studies have evaluated the dynamic response of rubber-aggregate
mixture in the small-strain range. Nevertheless, a very limited number of studies
considered the behaviour of these mixtures under large-strain cyclic loading. Thus,
if the material is to be used as a construction fill in transport corridors, it is
imperative to assess its behaviour under cyclic loading conditions that mimic the
stress conditions encountered in practice.
Finally, modelling the behaviour of the waste mixture using mathematical
relationships is important to be able to run numerical simulations and predict the
behaviour of the material in different applications. None of the models proposed by
previous studies on rubber-aggregate mixtures explicitly addressed the role of
rubber content on the stress-strain relationship of aggregate-rubber mixtures.
Waste materials are known to have a lower shear strength than traditional
aggregates and the addition of rubber is expected to reduce the stiffness of the
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mixture and induce higher deformations under the same stress level. Therefore, it is
advantageous to develop analytical and mathematical models that explicitly address
these properties of CW and RC.
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CHAPTER THREE
3 EXPERIMENTAL PLAN
3.1 Materials
This study considered a mixture of coal wash (CW) and rubber crumbs (RC) as a
possible alternative to natural aggregates in rail track foundations. CW is the
byproduct of coal washery that is performed to separate raw coal form soil
impurities. CW used in this study came from West Cliff colliery (New South Wales,
Australia), and consisted mainly of quartz and residual coal, with illite and kaolinite
as the main clay minerals. The mineral components of CW were determined using
X-Ray diffraction analysis and the results are shown in Fig. 3.1. The RC came from a
local recycling company where they shred waste rubber tyres.

Figure 3.1. X-Ray diffraction of CW
As reported in the literature, CW is lighter than traditional quarried rock aggregates
having a specific gravity of 2.25 and a maximum size of 13.2 mm (see Fig. 3.2). The
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particles are angular and have a dual porosity structure characterized by intraaggregate pores within the particles.

Figure 3.2. Coal wash and rubber crumbs used for testing
The relatively angular particles of RC had a specific gravity of 1.15 and they ranged
from 0.06 mm to 2.36 mm in size. It was previously shown that mixing RC with other
aggregates reduced the overall friction angle of the mixture (Esmaeili et al. 2016),
but a small amount of RC, say 10%, only reduced the friction angle slightly
(Indraratna et al. 2018). Therefore, the PSD of RC was selected to minimize the
overall change in the PSD curve of the mixture and to preserve its strength as much
as possible, so rubber particles larger than 𝑑50 (i.e. 2.5 mm) were not used.
Moreover, very small particles of rubber would not enhance the energy absorption
of the material and would only serve as void fillers; therefore, a size range between
0.6 mm to 2.36 mm was selected. The PSD curves of CW and RC are shown in Fig.
3.3. The CW could be classified as equivalent to a well-graded sand with silt (SP-SM)
according to the Unified Soil Classification System (ASTM 2011).
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Figure 3.3. PSD curves of CW, RC and CWRC mixtures
A previous study by Indraratna et al. (2018) optimized a mixture of CW, SFS, and RC
as a capping material for railways and found that the optimum rubber content is
close to 10%. Therefore, a range between 0% and 15% was selected knowing that
more than 15% rubber would overly reduce the strength of the material, make the
blended mix overly compressible, and induce excessive axial settlement. Four
mixtures with 0%, 5%, 10% and 15% RC to CW (RC:CW) by weight were considered
in the experimental plan, as described in Table 3.1. For practical purposes RC were
added to the original PSD curve of CW by varying the ratio between RC and CW, 𝑥𝑅𝐶 ,
as given by:

𝑥𝑅𝐶 =

𝑀𝑅𝐶
𝑀𝐶𝑊

(3.1)
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where 𝑀𝑅𝐶 is the weight of rubber particles and 𝑀𝐶𝑊 is the weight of CW particles.
The PSD curves of the CWRC mixtures are shown in Fig. 3.3. According to the Unified
Soil Classification System (ASTM 2011), all the mixtures had a PSD equivalent to a
well-graded sand with silt. The volumetric content of rubber with respect to the
volume of CW, 𝑦𝑅𝐶 , is given by:

𝑦𝑅𝐶 =

𝑉𝑅𝐶
𝑉𝐶𝑊

(3.2)

but,
𝑉𝑅𝐶 =

𝑀𝑅𝐶
𝑀𝐶𝑊
and 𝑉𝐶𝑊 =
𝐺𝑠,𝑅𝐶 × 𝜌𝑤
𝐺𝑠,𝐶𝑊 × 𝜌𝑤

therefore,

𝑦𝑅𝐶 = 𝑥𝑅𝐶

𝐺𝑠,𝐶𝑊
𝐺𝑠,𝑅𝐶

(3.3)

where 𝑉𝑅𝐶 is the volume of RC, 𝑉𝐶𝑊 is the volume of CW, 𝐺𝑠,𝐶𝑊 is the specific gravity
of CW, and 𝐺𝑠,𝑅𝐶 is the specific gravity of RC. The gravimetric rubber content, 𝑋𝑅𝐶 ,
and the volumetric rubber content, 𝑌𝑅𝐶 , with respect to the total weight of the
mixture and the total volume of the mixture, respectively, were then determined by:

𝑋𝑅𝐶 =

𝑥𝑅𝐶
100 + 𝑥𝑅𝐶

(3.4)

𝑌𝑅𝐶 =

𝑦𝑅𝐶
100 + 𝑦𝑅𝐶

(3.5)
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Table 3.1. Composition of CWRC mixtures.
Mixture

𝒙𝑹𝑪 (%)

𝑿𝑹𝑪 (%)

𝒚𝑹𝑪 (%)

𝒀𝑹𝑪 (%)

0RC:100CW

0

0

0.0

0.0

5RC:100CW

5

4.76

9.8

8.9

10RC:100CW

10

9.09

19.6

16.4

15RC:100CW

15

13.04

29.3

22.7

CW material was sieved using the wet and dry methods, as per the Australian
standard AS 1289.3.6.1 (Standards Australia 2009), and then it was separated into
different size fractions. To prepare each sample the exact weights of each size of CW
and RC materials were obtained according to the target PSD (Fig. 3.3), and then they
were mixed thoroughly to prepare the pre-desired mixtures (Fig. 3.4). Water was
added to the mixtures to attain the target water content and then the samples were
left in a sealed container at a relatively constant temperature and humidity for 24
hours to ensure a uniform distribution of moisture throughout the samples.

Figure 3.4. CWRC mixture
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3.2 Compaction Tests
Edil and Bosscher (1994) found that vibratory compaction methods should not be
used to study the compaction characteristics of mixtures of aggregates and rubber
because rubber is light and absorbs energy. For this reason, the impact compaction
method was used for all the compaction tests carried out on CWRC mixtures. The
samples were prepared with different amounts of water, as explained in section 3.1.
The samples were then compacted in a standard compaction mould with a certain
number of layers and a certain number of blows per layer (Table 3.2), depending on
the energy level desired, as explained below.
The compaction characteristics of the CWRC mixtures were first determined under
a standard Proctor effort as per the Australian Standard AS 1289.5.1.1 (Standards
Australia 2017), and based on these results CWRC mixtures with 0% and 10% of
added rubber were compacted under higher energy levels ranging between a
standard Proctor and a modified Proctor effort. The height and internal diameter of
the mould used for these compaction tests were 105 mm and 115 mm, and a
standard 2.7kg hammer with a 300mm drop height was used for standard Proctor
compaction and higher energy levels, but not the modified Proctor effort. The
energy level was controlled by changing the number of layers and/or the number of
blows per layer. For a modified Proctor compaction, a 4.9kg hammer with a 450 mm
drop height was used. The compaction energy, 𝐸, was calculated as:

𝐸=

𝑛×𝑏×𝑀×𝐻×𝑔
𝑉

(3.6)
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where 𝑛 is the number of layers, 𝑏 is the number of blows per layer, 𝑀 is the weight
of the hammer, 𝐻 is the drop height of the hammer, 𝑔 is the gravitational
acceleration, and 𝑉 is the volume of the mould. The energy details of the compaction
tests are listed in Table 3.2. All the samples were sieved after compaction according
to the Australian Standard AS 1289.3.6.1 (Standards Australia 2009) to determine
the Breakage Index (BI) (Indraratna et al. 2005).
Table 3.2. Description of compaction tests
Energy

𝒙𝑹𝑪

Hammer

# of

Blows/

Energy

level

(%)

weight (kg)

Layers

layer

(kJ/m3)

0

2.7

3

25

596 (Std Proctor)

5

2.7

3

25

596 (Std Proctor)

10

2.7

3

25

596 (Std Proctor)

15

2.7

3

25

596 (Std Proctor)

0

2.7

5

25

993

10

2.7

5

25

993

0

2.7

5

40

1588

10

2.7

5

40

1588

0

2.7

5

50

1985

10

2.7

5

50

1985

0

4.9

5

25

2703 (Mod Proctor)

10

4.9

5

25

2703 (Mod Proctor)

E1

E2
E3
E4
E5

3.3 Static Triaxial Compression Tests
Static drained triaxial compression tests were carried out using the GDS Triaxial
Automated System (GDSTAS) shown in Fig. 3.5. This system includes a load frame, a
triaxial cell, pressure controllers, a data logger, and computer software (GDSLAB).
The cell pressure and back pressure were controlled by GDS pressure/volume
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controllers. Force transducers, displacement transducers and pore pressure
transducers were connected to the data logger to record the axial stress, axial
displacement, and the pore pressure. For an accurate measurement of the cell
pressure, back pressure and volume change, the pressure controller chamber was
filled with de-aired water. The triaxial cell was a traditional passive triaxial cell
(100TC2) with a 610 mm height and a 270 mm outside diameter and a 2 MPa
maximum pressure rating. The cell can fit a 100 mm diameter by 200mm high
sample. An axial load was applied by the load frame through the GDSLAB software
in a strain-controlled triaxial compression test.

Figure 3.5. GDS Triaxial Automated System (GDSTAS)
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Static triaxial compression tests were carried out on CWRC mixtures under drained
conditions as per ASTM D7181 standard (ASTM 2011b); details of the static triaxial
compression tests are listed in Table 3.3. The CWRC mixtures were prepared as
explained in section 3.1 and the desired water content was the optimum moisture
content (≈ 9-10%) that corresponded to the amount of rubber determined from the
compaction tests. Triaxial specimens (100mm diameter by 200mm high) were
prepared in 5 layers, where each layer was compacted until they reached the
thickness required to reach the target void ratio. All the samples were compacted to
the same initial void ratio (≈ 0.29) for comparison purposes and to examine how the
amount of rubber affected the stress-strain behaviour of the material. The target
void ratio was based on the Australian Rail Track Corporation (2017) specifications
for capping material. The ratio between the diameter of the specimen and the largest
particle in the mixture was approximately 8:1, significantly exceeding the minimum
ratio of 6:1 proposed by Indraratna et al. (1993) for minimizing the boundary size
effects in triaxial testing. The triaxial compression tests consisted of saturation,
consolidation and shearing:
1. During saturation, de-aired water was injected from the bottom of the
sample to expel any trapped air. The back pressure was then gradually
increased at 1 kPa/min to prevent the build-up of excess pore pressure. The
saturation stage was terminated when Skempton’s B value exceeded 0.97.
2. The sample was then isotropically consolidated to effective confining
pressures of 10, 25, 50 or 75 kPa. These relatively low confining pressures
were selected to mimic field conditions in railway sublayers where the tested
material is likely to be used (Gu et al. 2017; Indraratna et al. 2011; Qi 2017;
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Saberian et al. 2018; Signes et al. 2015a). The consolidation phase was
terminated when the sample reached a constant volume change.
3. Finally, shearing took place at a relatively slow constant strain rate of 0.1
mm/min to ensure fully drained conditions until the maximum axial strain
attainable by the equipment was reached (≈ 23%).
Table 3.3. Details of the static triaxial compression tests
Test #

𝝈′𝟑

𝒙𝑹𝑪

(kPa)

(%)

CD1

Target 𝒆𝟎

𝜸𝒅
(kN/m3)

0

0.29

17.1

5

0.29

16.3

10

0.29

15.7

CD4

15

0.29

15.2

CD5

0

0.29

17.1

5

0.29

16.3

CD7

10

0.29

15.7

CD8

15

0.29

15.2

CD9

0

0.29

17.1

5

0.29

16.3

CD11

10

0.29

15.7

CD12

15

0.29

15.2

CD13

0

0.29

17.1

5

0.29

16.3

10

0.29

15.7

15

0.29

15.2

CD2
CD3

CD6

CD10

CD14
CD15
CD16

25

50

75

10

CD stands for “Consolidated Drained” triaxial compression tests
followed by the number of the test, 𝝈′𝟑 is the effective confining
pressure, 𝒙𝑹𝑪 is the gravimetric content of added rubber, 𝒆𝟎 is the
initial void ratio and 𝜸𝒅 is the dry density of the samples.
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3.4 Cyclic Triaxial Compression Tests
Cyclic triaxial compression tests were performed using the GDS Enterprise Level
Dynamic Triaxial Testing System (ELDYN) shown in Fig. 3.6. This dynamic triaxial
system is based on an axially stiff load frame with a beam mounted dynamic electromechanical actuator. This system consists of a load frame, a loading ram, a triaxial
cell, pressure controllers, two 4-channel dynamic data loggers with 16-bit data
acquisition, and a computer software (GDSLAB). The back pressure was controlled
by a hydraulic controller and the cell pressure was controlled by a pneumatic
controller. The load frame was used to support and fix the system while the cyclic
loading was applied by the loading ram. The system had a maximum frequency of
10 Hz and it can fit a sample with a maximum diameter of 100 mm.

Figure 3.6. Cyclic Triaxial Apparatus
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In total, 16 cyclic triaxial compression tests were performed on four CWRC mixtures
(see Table 3.4). First, 12 tests were performed to study the effect of the cyclic stress
ratio (determined from the deviator stress and the effective confining pressure) on
the axial strain, volumetric strain, resilient modulus and damping properties of
CWRC mixtures. The tests were carried out for 200,000 cycles. When a number of
load cycles was applied the CWRC mixture could store energy in the compressed
rubber particles, and this energy accumulated throughout the cycles. To study this
material in terms of total recoverable strain when a rest period is applied, another
series of 4 cyclic triaxial compression tests was carried out under a confining
pressure of 25 kPa and a cyclic deviator stress of 100 kPa, typical conditions for a
subballast/capping layer. In this series of tests, a rest period was introduced every
40,000 cycles for the duration of 10 minutes and the sample was subjected to
480,000 cycles. The duration of the rest period was selected to reflect the average
time between the passages of two consecutive trains in peak times. During these
tests, the hall effect sensors were used to measure the radial strain, as shown in Fig.
3.7.
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Figure 3.7. Sample mounted with Hall effect sensors
The same procedure described in section 3.1 was followed to prepare and compact
the specimens for the cyclic triaxial compression tests. All the samples were 100 mm
in diameter by 200 mm high and were compacted to the same initial void ratio of
approximately 0.29.
The cyclic triaxial compression tests were carried out in three stages, namely
saturation, consolidation, and cyclic loading. The saturation and consolidation
stages were similar to the monotonic triaxial compression tests and cyclic loading
was applied in a one-way stress-controlled manner, i.e. compression only and with
a constant maximum deviator stress throughout the test. All the samples were
tested at a frequency of 10 Hz to simulate the high speed of passenger trains. In
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cyclic testing the cyclic stress ratio (𝐶𝑆𝑅) is usually used to relate the maximum
cyclic deviator stress, 𝑞𝑐𝑦𝑐 , and the effective confining pressure, 𝜎3′ :

𝐶𝑆𝑅 =

𝑞𝑐𝑦𝑐
2𝜎3′

(3.7)

In this study the ratios YCSR and PCSR were introduced to relate the cyclic deviator
stress, 𝑞𝑐𝑦𝑐 , with the yield deviator stress, 𝑞𝑦𝑖𝑒𝑙𝑑 , and the peak deviator stress, 𝑞𝑝𝑒𝑎𝑘 ,
as determined from the monotonic triaxial compression tests:

𝑌𝐶𝑆𝑅 =

𝑞𝑐𝑦𝑐
𝑞𝑦𝑖𝑒𝑙𝑑

(3.8)

𝑃𝐶𝑆𝑅 =

𝑞𝑐𝑦𝑐
𝑞𝑝𝑒𝑎𝑘

(3.9)

In the monotonic triaxial test 𝑞𝑦𝑖𝑒𝑙𝑑 corresponds to the stress at the Characteristic
state (the phase transformation state under undrained conditions) where the
material shifts from contraction to dilation. The value of 𝑞𝑝𝑒𝑎𝑘 is the maximum
deviator stress determined from the stress-strain curve under static loading. The
PCSR was used previously to relate the cyclic axial stress to the peak stress at failure
under static conditions (Lackenby et al. 2007; Suiker et al. 2005). After the tests the
triaxial samples were sieved again to determine the particle breakage.
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Table 3.4. Details of the cyclic triaxial compression tests
Test #

𝒙𝑹𝑪 (%)

𝝈′𝟑
(kPa)

𝒒𝒄𝒚𝒄𝒍𝒊𝒄
(kPa)

CSR

YCSR

PCSR

0.8

0.43

0.19

0.8

0.38

0.21

0.8

0.42

0.26

CT1

0

CT2

5

CT3

10

CT4

15

0.8

0.43

0.30

CT5

0

0.8

0.39

0.24

CT6

5

0.8

0.43

0.27

CT7

10

0.8

0.43

0.29

CT8

15

0.8

0.46

0.35

CT9

0

2.0

1.08

0.47

CT10

5

2.0

0.96

0.54

CT11

10

2.0

1.04

0.65

CT12

15

2.0

1.07

0.76

CT13*

0

2.0

1.08

0.47

CT14*

5

2.0

0.96

0.54

CT15*

10

2.0

1.04

0.65

CT16*

15

2.0

1.07

0.76

25

50

25

25

40

80

100

100

CT stands for “Cyclic Triaxial” followed by the number of the test and the symbol
“*” is the tests included a rest period, 𝒙𝑹𝑪 is the gravimetric content of added
rubber, 𝝈′𝟑 is the effective confining pressure, 𝒒𝒄𝒚𝒄𝒍𝒊𝒄 is the cyclic deviator stress,
CSR is the cyclic stress ratio, YSR is the yield stress ratio and PSR is the peak stress
ratio.
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This chapter is related to the journal paper: Indraratna, B., Rujikiatkamjorn, C., Tawk, M. and Heitor,
A. (2019). “Compaction, degradation and deformation characteristics of an energy absorbing matrix.”
Transportation Geotechnics, 19, 74-83.

CHPATER FOUR
4 INITIAL CHARACTERIZATION OF THE CWRC MIXTURE
4.1 Introduction
Before conducting any experimental investigation on a new composite material, the
knowledge of the basic engineering properties of the constituent of the mixture as
well as the mixture itself is essential. The physical properties such as the specific
gravity, the PSD curve and the compaction characteristics are crucial to determine
important parameters such as the target void ratio and the optimum moisture
content when preparing the specimens for testing and to determine the soil index of
the mixture (i.e. the classification of the mixture according to the USCS). The aim of
this chapter is the present the basic geotechnical properties of CW, RC and CWRC
mixtures considered in this study which includes the specific gravity, the PSD
curves, the compaction characteristics, and the hydraulic conductivity.
4.2 Basic Physical Properties
The physical properties of CW and RC are different from those of quarried rock
aggregates usually used as construction fills in transportation infrastructure
projects. CW and RC are lighter than traditional aggregates with a specific gravity of
2.25 and 1.15, respectively. Given the significant difference between the values of
the specific gravity of the two components of the mixture, the specific gravity could
not be calculated using the compound method as:
𝐺𝑠.𝑚𝑖𝑥 = 𝑋𝑅𝐶 𝐺𝑠.𝑅𝐶 + (1 − 𝑋𝑅𝐶 )𝐺𝑠.𝐶𝑊

(4.1)
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Instead, the specific gravity of the mixtures,

𝐺𝑠.𝑚𝑖𝑥 , was determined as (See

Appendix A for derivation):

𝐺𝑠,𝑚𝑖𝑥 =

1
𝑋𝑅𝐶
1 − 𝑋𝑅𝐶
+
𝐺𝑠,𝑅𝐶
𝐺𝑠,𝐶𝑊

(4.2)

where 𝐺𝑠,𝑅𝐶 and 𝐺𝑠,𝐶𝑊 are the specific gravity values of RC and CW, respectively and
𝑋𝑅𝐶 is the gravimetric rubber content with respect to the total weight of the mixture.
The values of 𝐺𝑠,𝑚𝑖𝑥 are listed in Table 4.1. The coefficient of uniformity, 𝐶𝑢 , and the
coefficient of curvature, 𝐶𝑐 , are also listed in Table 4.1. According to the unified soil
classification system (ASTM 2011), all the mixtures are classified as a well-graded
sand with silt.
Table 4.1. Physical properties of CWRC mixtures
Mixture

𝒙𝑹𝑪
(%)

𝑮𝒔,𝒎𝒊𝒙

𝑪𝒖

𝑪𝒄

Equivalent USCS
classification

0RC:100CW

0

2.25

46

2.5

Well-graded sand with silt

5RC:100CW

5

2.15

39

2.6

Well-graded sand with silt

10RC:100CW

10

2.07

33

2.6

Well-graded sand with silt

15RC:100CW

15

2.00

28

2.7

Well-graded sand with silt

4.3 Compaction Characteristics
The compaction properties are very important in a sense that the density/void ratio
of the material can significantly affect important geotechnical properties such as
shear strength, hydraulic conductivity, axial displacements and pore pressure
dissipation during shearing. During compaction of a soil body, the aim is to reach a
compact interlocking of particles and achieve enhanced geotechnical behaviour.
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Rubber material is highly elastic and energy absorbing. Unlike traditional soils,
when considered as a component of a granular matrix, rubber particles can absorb
part of the energy transferred to the system from an external agency. This property
can significantly affect the compaction efficiency of a granular blend composed of
rubber and other rigid, relatively incompressible aggregates such as CW. The
compaction characteristics of the CWRC mixture were investigated under standard
Proctor compaction to evaluate the effect of rubber content on the compaction
efficiency under the same compaction effort. Then, based on the results of the
standard Proctor compaction tests, the mixture with no rubber and that with 10%
RC were compacted at higher energy levels up to modified Proctor effort. The results
are discussed hereafter.
4.3.1 Standard Proctor Compaction
Figure 4.1 shows the compaction characteristic curves of four CWRC mixtures with
0%, 5%, 10% and 15% of added rubber under standard Proctor effort as well as the
zero-air voids (ZAV) lines. A slight increase in the optimum moisture content (OMC)
is observed as rubber content increases. As expected, the dry unit weight (𝛾𝑑 )
decreases with increasing rubber content. This is partly due to the fact that rubber
absorbs part of the energy that is otherwise dissipated though the rearrangement of
particles. However, rubber is lighter than CW, meaning that the specific gravity of
the constituents and that of the mixture also affects the dry density measurements.
In this regard, it is more appropriate to evaluate the effect of rubber on the
compaction efficiency in terms of the void ratio. This approach eliminates the effect
of the difference in specific gravity and reduces the variables to one when carrying
a comparison analysis (i.e. the effect of rubber content only).
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Figure 4.1 Compaction characteristic curves of the CWRC mixtures under
standard Proctor effort
The void ratio is determined from the traditional weight-volume relationship:

𝑒=

𝐺𝑠,𝑚𝑖𝑥 𝜌𝑤
−1
𝜌𝑑

(4.3)

where 𝜌𝑤 is the density of water and 𝜌𝑑 is the dry density of the mixture. Figure 4.2
shows the change in the void ratio and the breakage index (BI) at the OMC with
increasing rubber content. The void ratio increases almost linearly with the increase
in the rubber content. This indicates that the mixture becomes looser when rubber
is added, and the compaction energy is kept constant. From Fig. 4.2 it is also
observed that the BI decreases significantly (approx. 46%) for 10% added rubber
while no significant decrease is observed thereafter. This is attributed to the
inevitable breakage of some large particles in the sample, given that the maximum
size of RC was 2.3 mm while the maximum size of CW particles was 13.2 mm. In view
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of the above, the mixture with 10% RC and that with no rubber were compacted at
higher energy levels to determine the optimum compaction effort.

Figure 4.2 Void ratio and Breakage Index (BI) for CWRC mixtures under standard
Proctor effort
4.3.2 Increasing the Compaction Energy
When an amount of energy 𝐸 is delivered to the system during compaction, it is
dissipated in three main forms: the frictional sliding of particles which results in
rearrangement and interlocking, 𝐸𝑎𝑟𝑟 , the breakage of particles, 𝐸𝐵𝐼 , and the
deformation of the particles themselves if they are flexible, 𝐸𝑑𝑒𝑓 :
𝐸 = 𝐸𝑎𝑟𝑟 + 𝐸𝐵𝐼 + 𝐸𝑑𝑒𝑓

(4.4)

When rubber is added and 𝐸 is kept constant, 𝐸𝑑𝑒𝑓 starts to increase due to the
deformation of RC, thus reducing both 𝐸𝑎𝑟𝑟 and 𝐸𝐵𝐼 resulting in a looser packing, i.e.
a higher void ratio and a lower BI. Therefore, when rubber is introduced into a
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mixture of rigid particles, it is important to adjust the compaction energy to
compensate for the energy absorbed by the deformation of rubber particles.
However, the additional energy should not cause excessive breakage which defeats
the purpose of using rubber to minimize the degradation of particles.
The compaction curves of the mixture with 10% of added rubber are shown in Fig.
4.3. As anticipated, the maximum dry unit weight (𝛾𝑑,𝑚𝑎𝑥 ) increases with the
increasing compaction energy and reaches a maximum of 16 kN/m3 at modified
Proctor level on the dry side of OMC (water content < 9%). However, on the wet side
of OMC (water content >9%) the dry density increases with increasing compaction
effort up to E4, and then decreases thereafter. This indicates that under very wet
conditions increasing the compaction energy to modified Proctor is not beneficial.
At the OMC (≈ 9%), the mixture achieves a maximum dry unit weight of 16 kN/m3
at E3 and remains constant thereafter.
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Figure 4.3. Compaction curves of the mixture with 10% added rubber with
increasing compaction effort
Figure 4.4 shows the relationship between the void ratio, 𝑒, the breakage index, 𝐵𝐼,
and the compaction energy, 𝐸, evaluated at the OMC for 10% added rubber. The %
reduction in the void ratio at each energy level, ∆𝑒, shown in brackets, is calculated
as:

∆𝑒 =

𝑒𝐸1 − 𝑒𝐸𝑖
𝑒𝐸1

(4.5)

where 𝑒𝐸1 is the void ratio of the mixture with 10% added rubber at E1 (standard
Proctor) and 𝑒𝐸𝑖 is the void ratio of the mixture at the energy level 𝐸𝑖 . The void ratio
of the mixture decreases by 19% when energy increases from standard Proctor to
E3 (1588 kJ/m3). For energy levels higher than E3, no significant change in void ratio
is observed.
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Figure 4.4. change in void ratio and Breakage Index with increasing compaction
effort for the mixture with 10% added rubber
Figure 4.4 also shows that the BI increases with increasing compaction energy. The
rate of increase in the BI decreases when the compaction effort increases from E1 to
E3. After that point, the BI increases at a faster rate. At modified Proctor level, the BI
becomes greater than 20%, which is the BI of CW compacted at the standard Proctor
level. However, this high compaction effort is not required. Figure 4.4 shows that
while the BI of the mixture continues to increase for energy levels greater than E 3,
the void ratio remains approximately constant.
As stated in Eq. 4.4, the energy imparted to the system during compaction is
dissipated in three forms: (1) rearrangement of particles, (2) breakage of particles
and (3) compression of RC particles. In a mixture of rigid aggregates (i.e. CW), the
third component can be ignored, but it comes into play when compressible materials
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such as rubber are mixed with rigid aggregates. When the mixture reaches a packing
with optimum interlocking of particles, the volume of voids cannot decrease
anymore, and any additional energy delivered to the system would be dissipated
through degradation of CW and compression of RC when present. Therefore, when
energy increases beyond E3, there is no significant change in the void ratio because
the mixture has already reached an optimum particle packing and any further
increase in E results in a faster increase in the BI.
4.3.3 Corrected Void Ratio
The packing of the matrix is partially dependent on the initial PSD (Indraratna et al.
2007) and the compaction energy. As highlighted in Chapter 3, The size of RC was
selected such that the change in the PSD curve was minimal. In fact, Fig. 3.3 shows
that the PSD curve of the mixtures rotates only slightly as the RC content increases.
On that basis and for low rubber contents considered in this study (<15%), it is
assumed that, at high energy levels, all mixtures would eventually reach the same
particle packing at relatively high compaction efforts (i.e. same void ratio).
If the mixture consists of CW only, then the total energy delivered to the material
can be expressed as: 𝐸0 = 𝐸𝑎𝑟𝑟 0 + 𝐸𝐵𝐼 0 . When RC are added to the mixture, then the
total energy imparted to the system is expressed as: 𝐸1 = 𝐸𝑎𝑟𝑟 1 + 𝐸𝐵𝐼 1 + 𝐸𝑑𝑒𝑓 1.
When rubber content increases, the fraction of energy employed to rearrange the
particles decreases. To compensate for that energy and provide sufficient 𝐸𝑎𝑟𝑟 to
reach the same packing, 𝐸0 should increase (𝐸1 > 𝐸0 ) until 𝐸𝑎𝑟𝑟 1 = 𝐸𝑎𝑟𝑟 0 . Figure 4.5
shows the change in void ratio with increasing compaction effort for CW and for the
CWRC mixture with 10% of added rubber. While it is observed that both mixtures
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reach a constant void ratio at high energy levels (> E3), the void ratio of the CWRC
mixture with 10% RC is lower than that of the mixture without rubber (i.e. CW only).
This is explained by the fact that the compressibility of rubber particles and the
corresponding change in their volume have been neglected when calculating the
void ratio.
The measurement of volumetric entities in the laboratory is not feasible. Most
testing standards and procedures are based on weight measurements, and
traditional weight-volume relationships are used to determine the volumetricbased properties such as void ratio, porosity, degree of saturation and volumetric
water content. These relationships often include the specific gravity, 𝐺𝑠 , which is a
constant for rigid materials. However, if the solid particles are compressible, then
the use of a constant specific gravity will induce errors in the calculations. The void
ratio is defined as the ratio of the volume of voids, 𝑉𝑣 , and the volume of solids, 𝑉𝑠 .
The volume of solids is determined using the specific gravity of the mixture, 𝐺𝑠,𝑚𝑖𝑥 ,
determined as per Eq. 4.2. When rubber is present and the energy imparted to the
specimen increases, rubber particles compress and their volume decreases. This
translates into a temporary increase in their specific gravity. Using the original 𝐺𝑠,𝑅𝐶
to calculate 𝐺𝑠,𝑚𝑖𝑥 in Eq. 4.2 results in a lower value of 𝐺𝑠,𝑚𝑖𝑥 , a higher value of 𝑉𝑠 and
a smaller void ratio. Instead, the correct void ratio of the CWRC mixture, 𝑒′, may be
expressed as:

𝑒′ =

𝑉 − 𝑉′𝑠
𝑉′𝑠

(4.6)
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where 𝑉′𝑠 is the actual volume of solids in a specimen considering the change in the
volume of compressible particles. Also,

𝑉′𝑠 =

𝑀𝑠
𝐺′𝑠,𝑚𝑖𝑥 𝜌𝑤

(4.7)

where 𝑀𝑠 is the weight of solids in the mixture and 𝐺′𝑠,𝑚𝑖𝑥 is the new specific gravity
of the mixture. Combining Eqs. 4.3, 4.6 and 4.7, the actual specific gravity of the
mixture, 𝐺′𝑠,𝑚𝑖𝑥 , can be expressed as (see Appendix B for derivation):

𝐺′𝑠,𝑚𝑖𝑥 = 𝐺𝑠,𝑚𝑖𝑥

(1 + 𝑒′)
(1 + 𝑒)

(4.8)

where 𝑒 is the void ratio calculated assuming constant specific gravity of rubber. The
change in the specific gravity of the compressible particles, 𝐺𝑠,𝑅𝐶 , can then be
evaluated using Eq. 4.2.
Both constant and variable specific gravity values of the CWRC mixture are shown
in brackets in Fig. 4.5. For the mixture considered in this study, the change in the
specific gravity is not significant given the small size of RC and the relatively low
rubber content (<15%). Also, the error in the calculated values of the void ratio is
less than 4% because the energy delivered to the system during compaction is not
high enough to induce considerable compression of RC particles. Therefore, the void
ratio may be calculated assuming a constant volume of solids. However, when the
mixture is subjected to service loads where a higher energy is delivered to the
system, the change in the volume of solids may have a considerable effect on the
value of the void ratio and other volumetric properties measured form weightvolume relationships.
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Figure 4.5. Corrected void ratio using a variable specific gravity for rubber
4.3.4 Optimum Compaction Energy
Unlike traditional rigid aggregates, a higher compaction effort is required to
compact a compressible energy absorbing mixture and reach an allowable void
ratio. At lower compaction efforts than the lower bound, the mixture would be loose
and may induce excessive settlement when a load is applied. On the other hand,
increasing the compaction energy too much may induce higher breakage levels and
may also cause over-compaction (increased brittleness). Hence, an optimum energy
range should be selected to reach the allowable void ratio without inducing
excessive breakage levels. For instance, the void ratio specified by ARTC (2010) for
a capping material is around 0.3. Accordingly, for the mixture with 10% added
rubber, the optimum energy range is 800-1600 kJ/m3 as highlighted in Fig. 4.6.
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Figure 4.6. Optimum compaction energy for the mixture with 10% RC
The lower bound corresponds to the energy required to reach the specified void
ratio, and the upper bound corresponds to the energy beyond which there is
marginal or no further change in the void ratio. The BI corresponding to the
optimum energy range varies between 13% and 17%, which is lower than the BI of
CW compacted at the standard Proctor level (20%). The optimum energy range can
also be determined analytically. The BI of the CWRC mixture with 10% added rubber
can be described by a power function of the form (see Fig. 4.7):
𝐵𝐼 = 𝑎𝐸 3 + 𝑏𝐸 2 + 𝑐𝐸

(4.9)

Where 𝐸 is the compaction energy and 𝑎, 𝑏, and 𝑐 are fitting parameters with values
of 2.897x10-9, -1.418x10-5 and 0.0262, respectively. The inflection point of the BI
curve can be calculated using the second derivative of Eq. 4.9:
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𝐵𝐼 ′′ = 6𝑎𝐸 + 2𝑏

(4.10)

The inflection point corresponds to the point where 𝐵𝐼 ′′ = 0 (i.e. when the rate of
change in the BI starts to increase again), which corresponds to an energy 𝐸 =
2𝑏⁄6𝑎 = 1631 kJ/m3. From Fig. 4.7, it also clear that beyond this compaction effort,
there is no further decrease in the void ratio which explains the steeper increase in
BI. The void ratio can be described by a power function of the form:
𝑒 = 𝑎 + 𝑏𝐸 𝑐

(4.11)

where 𝑎, 𝑏, and 𝑐 are also fitting parameters with values of 0.274, 438077 and
-2.484, respectively. The energy required to achieve a void ratio of 0.3 is 800 kJ/m3.
Therefore, the optimum energy range for compaction is between 800 kJ/m3 and
1600 kJ/m3.

Figure 4.7. Proposed equations for the BI and void ratio
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4.4 Hydraulic Conductivity
The saturated hydraulic conductivity of the CWRC mixture was examined using the
constant head method (Standards Australia 2013). A previous study on a mixture of
CW, RC and steel slag by Indraratna et al. (2018) has shown that the inclusion of RC
and the resulting higher void ratio increases the hydraulic conductivity of the
material. In this study, all the samples were tested at the same initial void ratio (≈
0.29). Figure 4.8a shows that the hydraulic conductivity of the CWRC mixture
increases by approximately one order of magnitude when 5% rubber is added and
then it remains relatively constant for higher rubber contents. This is partly due to
the existence of distinct interface properties between the different phases (i.e. CW,
RC, and water) within the mixture. However, the hydraulic conductivity values
presented in this study are less than those observed by Indraratna et al. (2018) for
mixtures of CW, SFS and RC (8.4x10-6 m/sec – 1.13x10-4 m/sec). This is mainly
explained by the high microporosity of SFS and the lower amount of fines in the
mixture considered by Indraratna et al. (2018). The hydraulic conductivity of CWRC
mixtures

is

still

low

enough

for

many

engineering

applications

(i.e.

capping/subballast layer in railways, subbase layer in roads) where an
impermeable material is required (ARTC 2017).
The hydraulic conductivity can be approximated by a power function of the form:
𝑘 = [𝑎 + (𝑏 × 𝑋𝑅𝐶 ) + (𝑐 × 𝑋𝑅𝐶 2 )] × 10−8

(4.12)

where 𝑘 is the saturated hydraulic conductivity in m/sec, 𝑋𝑅𝐶 is the total rubber
content in % and 𝑎, 𝑏 and 𝑐 are fitting parameters (values listed in Table 4.2). The
measured and predicted hydraulic conductivity are shown in Fig. 4.8a, which shows
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a good agreement with 𝑅 2 = 0.98. Figure 4.2b shows that the equation is also
applicable for SFS+CW+RC mixtures with different ratios of SFS:CW investigated by
Indraratna et al. (2018) with 𝑅 2 > 0.98.
Table 4.2. Parameters for the hydraulic conductivity equation
Current study
Mixture
CWRC

𝑎

𝑏

𝑐

𝑅2

2.25

46

2.5

0.98

Indraratna et al. (2018)
SFS:CW = 5:5

8.7x102

1.91x102

8.41

0.99

SFS:CW = 7:3

1.23x103

2.41x102

21

0.98
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Figure 4.8. Saturated hydraulic conductivity of CWRC mixtures
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4.5 Chapter Summary
In this chapter, the basic geotechnical characteristics, i.e. specific gravity, hydraulic
conductivity and compaction characteristics of a CWRC mixture were investigated.
Both CW and RC were found to be lighter than traditional aggregates, with a specific
gravity of 2.25 and 1.15, respectively.
The compaction characteristics of the CWRC mixture were first investigated under
standard Proctor effort. The results showed that the void ratio of the mixture
increased with increasing rubber contents. On the other hand, the BI decreased
significantly by approximately 46% for a rubber content of 10% and remained
constant thereafter.
Based on these results, the compaction characteristics of the mixture with no rubber
and that with 10% added rubber were investigated under increasing compaction
efforts ranging between the standard Proctor effort and the modified Proctor effort.
The results showed that a compaction energy of 800 kJ/m3 was enough to attain the
void ratio specified by ARTC for a capping material. The corresponding breakage at
this energy level was 13%, which was 34% less than the breakage level of CW
compacted at the standard Proctor level. Therefore, it is possible to compact a CWRC
mixture to a desirable void ratio using higher compaction energy without inducing
excessive breakage.
The hydraulic conductivity of the CWRC mixture was found to increase by
approximately one order of magnitude when 5% rubber was added, and an
insignificant increase was observed for higher rubber contents. However, the
hydraulic conductivity of the mixture remained in the range of 10-6 m/sec, thus the
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compacted mixture could be considered semi-impermeable and suitable as a
construction fill.
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This chapter is related to the journal paper: Tawk, M. and Indraratna, B. (2020). “Role of Rubber
Crumbs on the Stress-Strain Response of a Coal Wash Matrix.” Journal of Materials in Civil
Engineering. DOI: 10.1061/(ASCE)MT.1943-5533.0003514

CHAPTER FIVE
5 BEHAVIOUR OF THE CWRC MIXTURE UNDER STATIC LOADING
5.1 Introduction
In this chapter, the behaviour of the CWRC mixture under monotonic loading is
investigated. Static triaxial compression tests were conducted on four CWRC
mixtures with 0%, 5%, 10% and 15% of added rubber under three confining
pressures (i.e. 25, 50 and 75 kPa) and fully drained conditions. Low confining
pressures were selected to mimic field conditions in transportation infrastructure
sublayers such as the capping/subballast layer in railways (Suiker et al. 2005). The
sample preparation and the testing procedure have been described in detail in
Chapter 3. This chapter discusses the properties of the stress-strain response of
CWRC mixtures, specifically the strength and ductility, the characteristic state, the
peak state and the critical state. Also, the effect of rubber crumbs on some of the
important static properties such as the peak friction angle, the shear strength, the
initial tangent modulus, the deformation properties (i.e. axial strain and volumetric
strain) and the energy absorption capacity is presented. multivariable equations are
proposed to predict the peak friction angle and the shear strength. Also, a definition
of a modified void ratio is introduced, and an equation is developed analytically to
capture the compression and deformation of rubber particles using the classical
weight-volume relationships.
5.2 Stress-Strain Response
The stress-strain relationship of the CWRC mixtures with 0%, 5%, 10% and 15% of
added rubber under confining pressures of 25 kPa, 50 kPa and 75 kPa are shown in
71

Fig. 5.1a, 5.2a and 5.3a, respectively. It was previously shown that the stress-strain
response of any material is highly influenced by the material gradation, initial void
ratio, the confining pressure and the rubber content (Qi 2017). For the sake of
comparison and to investigate solely the role of rubber contents under a given
confining pressure, all the samples were compacted to the same initial void ratio
(𝑒0 ≈0.29). The stresses at the peak state and the critical state are listed in Table 5.1.
As expected, the peak deviator stress, 𝑞𝑝𝑒𝑎𝑘 , increases with the increasing confining
pressure and decreases when rubber is added. This is attributed to the lower shear
strength of rubber particles. Figures 5.1a, 5.2a and 5.3a also show that all the
mixtures exhibit a post-peak strain softening behaviour before reaching a residual
state where the peak deviator stress becomes almost constant. The ductility of the
material is significantly improved when rubber is introduced into the mixture. In
other words, as rubber content increases the compacted blended material gradually
shifts from a predominantly brittle to a more ductile post-peak behaviour; From
Figs. 5.1a, 5.2a and 5.3a it is observed that the post-peak softening modulus
decreases when the rubber content increases and the axial strain, 𝜀1 , at 𝑞𝑝𝑒𝑎𝑘
increases with the increasing rubber content, a behaviour mainly explained by the
high elasticity and compressibility of rubber particles.
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Figure 5.1. Stress-strain curves of CWRC mixtures at a confining pressure of 25
kPa
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Figure 5.2. Stress-strain curves of CWRC mixtures at a confining pressure of 50
kPa
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Figure 5.3. Stress-strain curves of CWRC mixtures at a confining pressure of 75
kPa
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Table 5.1. Stresses at the peak state and the critical state
𝒙𝑹𝑪
(%)

𝒒𝒑𝒆𝒂𝒌
(kPa)

𝒑′𝒑𝒆𝒂𝒌
(kPa)

∅𝒑𝒆𝒂𝒌
(°)

𝒒𝑪𝑺
(kPa)

𝒑′𝑪𝑺
(kPa)

0

215

97

54

91

55

5

186

87

52

84

53

10

154

76

49

94

56

CD4

15

132

69

47

73

49

CD5

0

338

163

50

157

102

5

300

150

49

168

106

CD7

10

272

140

47

167

106

CD8

15

228

126

44

152

101

CD9

0

430

218

48

250

158

5

425

217

48

232

152

CD11

10

349

191

44

227

151

CD12

15

334.20

186

44

222

149

CD13

0

139

56

61

50

27

5

105

45

57

49

26

10

87

39

54

43

24

15

79

36

53

44

25

Test
#

𝝈′𝟑
(kPa)

CD1
CD2
CD3

CD6

CD10

CD14
CD15

25

50

75

10

CD16

Figures 5.1b, 5.2b and 5.3b show the volumetric strain-axial strain relationship for
CWRC mixtures and Fig. 5.4 shows the maximum compressive volumetric strain at
different confining pressures and rubber contents. It is noteworthy that this
volumetric strain does not represent the total change in the volume of the mixture,
it only represents the change in the volume of voids as it is experimentally
determined as:
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𝜀𝑣∗ =

∆𝑉𝑣 ∆𝑉𝑤
=
𝑉0
𝑉0

(5.1)

where 𝜀𝑣∗ is the volumetric strain associated with the change in the volume of voids
within the sample, ∆𝑉𝑣 is the change in the volume of voids, ∆𝑉𝑤 is the change in the
volume of water and under saturated conditions ∆𝑉𝑤 = ∆𝑉𝑣 and 𝑉0 is the initial total
volume of the sample. Hence, the change in the volume of rubber particles is not
accounted for in this equation. All the mixtures exhibit a contractive behaviour at
the outset, followed by dilation. The maximum compressive volumetric stain (i.e.
where the material shifts from contraction to dilation) increases with increasing
confining pressure and with increasing RC contents indicating a more contractive
behaviour as the rubber content increases (Fig. 5.4); rubber particles are highly
deformable which facilitates the rearrangement of particles in the compression
range. This results in a smaller volume of voids within the sample and hence a higher
compressive volumetric strain.
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Figure 5.4. Max compressive volumetric strain of CWRC mixtures

5.3 Initial Tangent Modulus
The initial tangent modulus, 𝐸𝑡,𝑖 , is an indication of the elastic deformation of a
material. It is quantified as the ratio between the change in the deviator stress and
the change in the axial strain, which is equivalent to the slope of the stress-strain
curve in the elastic range (i.e. in the small strain range):

𝐸𝑡,𝑖 =

∆𝑞
∆𝜀1

(5.2)

Figure 5.5 shows the initial tangent modulus of CWRC mixtures at three effective
confining pressures (i.e. 25, 50 and 75 kPa). The initial tangent modulus, 𝐸𝑡,𝑖 ,
increases with increasing confining pressures while a reduction is observed when
the rubber content increases. A decrease in the initial tangent modulus is equivalent
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to a decrease in the matrix stiffness. Given that all mixtures were compacted to the
same initial void ratio, the decrease in the initial tangent modulus can be attributed
merely to the compressibility and deformation of rubber particles, thus making the
mixture less resistant to deformation upon shearing. A similar trend was also
reported by Qi (2017) for mixtures of CW, SFS and RC.
The initial tangent modulus can be described by an exponential function of the form:
Et,i = 𝐴𝑒 𝐵(𝑋𝑅𝐶 )

(5.3)

where 𝑋𝑅𝐶 is the rubber content and 𝐴 and 𝐵 are fitting parameters. For the set of
data presented in this study, the value of 𝐵 is -0.118 and 𝐴 is a linear function of the
effective confining pressure expressed as 𝐴 = 0.2552𝜎3′ + 3.898. Figure 5.5 shows a
good agreement between the measured and calculated values of the initial tangent
modulus.
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Figure 5.5. Initial tangent modulus, 𝐸𝑡,𝑖 , of CWRC mixtures
5.4 Peak Friction Angle
The friction angle, ∅, is an inherent property of any granular material required for
the evaluation of its shear strength. The peak friction angle, ∅𝑝𝑒𝑎𝑘 , of CWRC mixtures
was determined by considering the peak deviator stress at failure as:

sin ∅𝑝𝑒𝑎𝑘 =

𝜎1 − 𝜎3
𝜎1 + 𝜎3

(5.4)

where 𝜎1 is the major principle stress and 𝜎3 is the minor principle stress (effective
confining pressure). Similar to the peak deviator stress, the magnitude of ∅𝒑𝒆𝒂𝒌
decreases with increasing RC contents but the mixture sustains a relatively high
peak friction angle for RC<15% (Fig. 5.6). On the other hand, the peak friction angle
decreases with increasing confining pressures, an outcome normally encountered
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for frictional materials. For instance, Qi (2017) has shown that the peak friction
angle decreases with the increasing rubber contents and increasing effective
confining pressures.

Figure 5.6. Effect of rubber inclusion on the peak friction angle
The relationship between the peak friction angle and the rubber content can be
described by a linear function for the range of rubber contents considered in this
study. However, an exponential function would be more appropriate to describe the
effect of rubber crumbs on the peak friction angle in the sense that the equation can
be applied to a wider range of rubber contents. If a linear model is adopted, then for
100% rubber, the peak friction angle would be a negative value, which is not logical.
A 3D multivariable function is proposed to describe the change in the peak friction
angle with rubber content, 𝑋𝑅𝐶 , and confining pressure, 𝜎′3 , as follows:
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∅𝑝𝑒𝑎𝑘 = ∅𝑅𝐶 + [𝑓1 × 𝑒 𝑓2 ]

(5.5)

where ∅𝑅𝐶 is a constant related to the friction angle of rubber and has a value of 27.8,
and 𝑓1 and 𝑓2 are functions of the effective confining pressure and rubber content,
respectively. These functions are defined by:
𝑓1 = 𝑐1 . (𝜎′3 )𝑐2

(5.6a)

𝑓2 = 𝑐3 . 𝑋𝑅𝐶

(5.6b)

where 𝑐1, 𝑐2 and 𝑐3 are best fit parameters listed in Table 5.2.
Table 5.2. Parameters of the peak friction angle model
∅𝒑𝒆𝒂𝒌 = ∅𝑹𝑪 + [𝒄𝟏 (𝝈′𝟑 )𝒄𝟐 × 𝒆𝒄𝟑 .𝑿𝑹𝑪 ]
∅𝑹𝑪

𝑐1

𝑐2

𝑐3

27.8

56.385

-0.233

-0.0236

The 3D function shows that the peak friction angle follows a power relationship with
respect to the confining pressure. The model is calibrated using triaxial test data at
confining pressures of 25, 50 and 75 kPa and additional tests at a confining pressure
of 10 kPa were performed to validate the parameters at very low confining
pressures (< 25 kPa). Figure 5.7a shows the measured values and the calculated
values of the peak friction angle in 3D space. This proposed model can later be
incorporated in numerical simulations to estimate the peak friction angle of the
CWRC mixture for different RC contents and confining pressures, and to evaluate
the potential use of this mixture under different conditions.
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It is noteworthy that using Eq. 5.5, the peak friction angle corresponding to 100%
rubber content at 75 kPa confining pressure is 30°. The friction angle of pure rubber
was determined using the direct shear apparatus and value of 28° was recorded
which is in agreement with the model prediction. A friction angel of 30° was also
reported by Youwai and Bergado (2003) for rubber shreds. This indicates that the
model can be applied to a wider range of rubber contents and is not restricted to the
range selected in this study. The agreement between the calculated values and the
measured values is also illustrated in Fig. 5.7b where all the data points fall along
the equality line.
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Figure 5.7. (a) 3D surface of the peak friction angle of the CWRC mixture and (b)
agreement between the measured and calculated values of the peak friction angle
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5.5 Shear Strength
The shear strength of a granular material is an important criterion required for
design and simulation purposes. The shear strength of any granular assembly
depends on the internal properties of the assembly (i.e. frictional strength of
granular components, void ratio, water content, etc.) as well as on external factors
such as the confining pressure. Under monotonic triaxial conditions, the shear
strength is evaluated at the failure state. The shear stress at different planes is
described by the equation of a circle as:

𝜏 = √(𝜎1 − 𝜎𝑛 )(𝜎𝑛 − 𝜎3 )

(5.7)

At the failure state, the shear strength, 𝜏𝑓 , at the failure plane corresponds to the
point where 𝜏⁄𝜎𝑛 is maximum, which is then calculated from the peak friction angle,
∅𝑝𝑒𝑎𝑘 , and the peak deviator stress, 𝑞𝑝𝑒𝑎𝑘 , as:

𝜏𝑓 =

2. cos ∅𝑝𝑒𝑎𝑘
𝑞𝑝𝑒𝑎𝑘

(5.8)

and the normal stress, 𝜎𝑛 , is calculated as:

𝜎𝑛 = (1 − sin ∅𝑝𝑒𝑎𝑘 )

𝑞𝑝𝑒𝑎𝑘
2𝜎1 . 𝜎3
+ 𝜎3′ =
2
𝜎1 + 𝜎3

(5.9)

Figure 5.9 shows the effect of rubber content on the shear strength of the CWRC
mixture. Although the shear strength of the mixture decreases when rubber is
added, the reduction is not substantial. In fact, the size of RC was selected to
minimize the effect of rubber inclusion on the shear strength of the mixture.
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Figure 5.8. Effect of rubber inclusion on the shear strength of the CWRC mixture
The shear strength of soils is usually described by the linear Mohr-Coulomb failure
criterion:
𝜏 = 𝑐 + 𝜎𝑛 tan (∅)

(5.10)

where 𝜏 is the shear strength, 𝑐 is the cohesion intercept, 𝜎𝑛 is the normal stress and
∅ is the internal friction angle. However, numerous experimental studies have
shown that the failure envelope of many soils may not be linear, especially at very
low confining pressures (Bishop et al. 1965; Maksimovic 1989; Baker 2004). Figure
5.10 shows that the tangent drawn to the Mohr circles of the triaxial shear tests at
50 kPa and 75 kPa confining pressures overestimates the shear strength of the
mixture with 10% RC at lower confining pressures (i.e. 10 kPa and 25 kPa). Also, a
relatively high cohesion intercept might be misinterpreted. Therefore, it is more
accurate to represent the shear strength of the CWRC mixture with a non-linear
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failure envelope. Foose et al. (1996) also reported a non-linear shear envelope for
sand-rubber mixtures.

Figure 5.9. Linear vs. non-linear shear failure envelope for the mixture with 10%
added rubber
For cohesionless soils, a power function of the following form can be used:
𝑔

𝜏 = 𝑔1 . 𝜎𝑛 2

(5.11)

A similar equation was proposed to describe the shear strength of rockfill dams by
Indraratna et al. (1993). For the CWRC mixture considered in this study, 𝑔1 and 𝑔2
are expressed as functions of rubber content and they are defined as:
𝑔1 = 𝑎1 𝑒 −𝑏1𝑋𝑅𝐶

(5.12a)

𝑔2 = 𝑎2 + 𝑏2 𝑋𝑅𝐶

(5.12b)

Where 𝑎1 , 𝑏1 , 𝑎2 and 𝑏2 are empirical parameters evaluated from experimental data
at a confining pressure of 25, 50 and 75 kPa (see Table 5.3).
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Table 5.3. Parameters of the shear strength envelope
𝒂 +𝒃𝟐 𝑿𝑹𝑪

𝝉 = 𝒂𝟏 𝒆−𝒃𝟏 𝑿𝑹𝑪 . 𝝈𝒏𝟐
𝒂𝟏

𝑏12

𝑎2

𝑏2

3.22

-0.057

0.781

0.0095

Figure 5.10a shows the 3D surface of the shear strength as a function of the normal
stress and the rubber content. Experimental data at a very low confining pressure
(i.e. 10 kPa) was used to validate the parameters of Eq. 5.11 and Fig. 5.10b shows
that the calculated values of the shear strength are in good agreement with the
measured values. This model can form the basis of a new constitutive model that can
be incorporated in 3D numerical models to simulate the behaviour of the CWRC
mixture under different stress conditions and with varying rubber contents.
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Figure 5.10. (a) 3D surface of the shear strength of CWRC mixtures (b) and
agreement between the measured data and the predicted values of the shear
strength
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5.6 Characteristic State and Critical State
5.6.1 𝒑′ - 𝒒 plane
The Characteristic state line (ChSL) corresponds to the stress state at which the soil
behavior changes from contraction to dilation under drained conditions, also known
as the Phase Transformation State Line (PTSL) in undrained conditions. The ChS
was defined by Luong (1980) as a state that is compatible with the critical state (CS),
where the rate of incremental volumetric strain is null (d𝜀𝑣 = 0), and where
disruption to the interlocking of particles is initiated. However, unlike the CS, the
incremental deviator stress is not zero (d𝑞 ≠ 0) at the ChS and the ChS occurs at
small strains while the CS requires much higher strains (Lade and Ibsen 1997).
Similar to the CS, the ChS is independent of the initial void ratio and is an intrinsic
material property (Luong 1980). To investigate the CS of the CWRC mixture, triaxial
compression tests were carried out until the maximum possible axial strain of ≈20%
was attained. Fu et al. (2017) showed that sand-rubber mixtures could attain a CS
but the axial strain required to reach that state was dependent on the rubber type
and the rubber content. Nonetheless, for the low rubber contents (<15%) and the
relatively small rubber size (<2.5 mm) considered in this study, CS parameters could
be evaluated at an axial strain of 20% in the 𝑝′ − 𝑞 plane.
Figure 5.11 shows the ChSL and the CSL in the 𝑝′ − 𝑞 plane. It is clear that a unique
ChSL with a characteristic stress ratio 𝑀𝐶ℎ𝑆 = 1.66 exists for all the mixtures. This
indicates that for the relatively low rubber contents considered in this study, rubber
inclusion does not affect the interlocking of particles prior to dilation, and the
overall behavior of the material is still governed by CW particles. In other words, the
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same stress level is required to initiate stiffness degradation. Also, a unique CSL with
a critical stress ratio 𝑀𝐶𝑆 = 1.54 exists for all the mixtures as shown in Fig. 5.11b.
The same trend was also observed by Youwai and Bergado (2003) for sand-rubber
mixtures for rubber contents less than 40%.

Figure 5.11. Characteristic state line and critical state line of CWRC mixtures
In this regard, rubber volume within the mixture can be perceived as a void space
with a filler that has different properties than air/water (i.e., compressibility,
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elasticity, etc.), and therefore, varying the initial rubber content is equivalent to
varying the initial relative density (i.e. initial void ratio) in CW. For relatively
incompressible aggregates like CW, the void ratio, 𝑒, is defined as the ratio of the
volume of voids, 𝑉𝑣 , to the volume of solids, 𝑉𝑠 (𝑒 = 𝑉𝑣 ⁄𝑉𝑠 ). In the same manner that
the void ratio is defined, for mixtures that include a deformable constituent (i.e. RC)
other than the void space, a compressibility ratio can be then defined as the ratio of
the compressible volume and the incompressible (constant) volume. The initial
conditions can then be expressed in terms of the initial compressibility ratio that is
determined as (see Appendix C):

𝜔0 =

(𝑉𝑣 )0 + (𝑉𝑅𝐶 )0
𝑉𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑏𝑙𝑒
𝐺𝑠,𝐶𝑊
(1 + 𝑒0 )]
=
= 𝑒0 + 𝑥𝑅𝐶 [
(𝑉𝐶𝑊 )0
𝑉𝑖𝑛𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑏𝑙𝑒
𝐺𝑠,𝑅𝐶

(5.13)

In the above, 𝑉𝑅𝐶 is the volume of rubber and 𝑉𝐶𝑊 is the volume of CW, 𝑒0 is the initial
void ratio, 𝑥𝑅𝐶 is the gravimetric rubber content and 𝐺𝑠,𝐶𝑊 and 𝐺𝑠,𝑅𝐶 are the specific
gravity values of CW and RC, respectively. For the purpose of comparison, the effect
of the initial void ratio (relative compaction) on the stress-strain curve of CW is
shown in Fig. 5.12a (Heitor et al. 2016). As the initial void ratio increases (i.e. relative
compaction decreases) the peak deviator stress decreases together with the initial
stiffness of the material, but all the specimens reach the same critical state. This is
in conformity with the trends observed when the initial compressibility ratio of
CWRC mixtures increases (Fig. 5.12b).
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Figure 5.12. Stress strain curves of (a) CW at different relative compaction
(modified after Heitor et al. 2016) and (b) CWRC mixtures with different RC
content
However, the uniqueness of the ChSL and CS depends largely on the rubber content
as well as the size of rubber and the gradation of the incompressible component (i.e.
CW) (Anbazhagan et al. 2017). For instance, Qi et al. (2018) showed that the critical
stress ratio of a CW+SFS+RC mixture decreases when rubber is added while Youwai
and Bergado (2003) reported a constant critical stress ratio for sand-rubber
mixtures only for a rubber content less than 40%. In the current study, the maximum
size of rubber is 2.5 mm, which is much smaller than the largest particles of CW (i.e.
13.2 mmm). Therefore, for a relatively low rubber content (< 15%), the strength
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behaviour of the CWRC mixture prior to dilation and at the residual state is governed
by the CW skeleton resulting in a unique ChSL and CSL in the 𝑝’- 𝑞 plane.
5.6.2 𝒆 - 𝒍𝒏𝒑’ plane
The ChS and the CS are also often represented in the 𝑒 − ln𝑝’ space and the state
parameter, 𝜓, is then defined as the offset of the current state from the CSL at the
′
same mean stress, 𝑝′ , in the 𝑒𝐶𝑆 − ln𝑝𝐶𝑆
plane:

𝜓 = 𝑒 − 𝑒𝐶𝑆

(5.14)

In the above, 𝑒 is the current void ratio and 𝑒𝐶𝑆 is the void ratio at the critical state.
In conventional fully drained testing, the void ratio at a given stress is determined
experimentally from the volumetric strain. For saturated test specimens, the
volumetric strain is evaluated by monitoring the change in the volume of voids that
is assumed to be equal to the change in the volume of water drained into and out of
the sample (∆𝑉𝑣 = ∆𝑉𝑤 ). The current void ratio is then expressed as:
𝑒 = 𝑒0 + 𝜀𝑣∗ (1 + 𝑒0 )

(5.15)

where 𝜀𝑣∗ is the volumetric strain associated with the change in the volume of voids
only. This equation is only applicable for incompressible aggregates, where any
change in the total volume is solely attributed to the change in the volume of voids,
i.e., the volume of the solid phase remains constant. When compressible and
deformable materials like rubber are introduced into a mixture of relatively
incompressible aggregates, the above equation clearly compromises its validity,
hence in the following a mathematical amendment is proposed.
Note that the original equation for the change in the void ratio can be expressed as:
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d𝑒
1 d𝑉𝑣 𝑉𝑣 d𝑉𝑠
)
= (
−
d𝜀1 𝑉𝑠 d𝜀1 𝑉𝑠 d𝜀1

(5.16)

The actual void ratio considering both the change in the volume of voids and the
volume of the solid phase in the compressive range is then given by (See Appendix
D for derivation):

𝑒=

𝑒
(1 +0𝑒 ) + 𝜀𝑣∗
0

(1 + 𝜀𝑣 ) − [(

𝑒0
∗
1 + 𝑒0 ) + 𝜀𝑣 ]

(5.17)

where 𝜀𝑣 is the total volumetric strain incorporating both the change in the volume
of voids and the volume of solids (i.e. RC). When the solids within the mixture are
considered incompressible (𝜀𝑣∗ = 𝜀𝑣 ), Eq. 5.17 then reverts to the original Eq. 5.15.
For axisymmetric conditions, at a given stress state the total volumetric strain is
determined linearly by 𝜀𝑣 = 𝜀1 + 2𝜀3 where 𝜀1 and 𝜀3 are the axial strain and the
radial strain, respectively. The radial strain can be measured using local
displacement monitoring devices (e.g. Hall effect sensor) up to the ChS.
On the other hand, the void volumetric strain determined from the triaxial data can
be correlated with a modified void ratio, 𝑒 ∗ , that can be defined as the ratio between
the volume of voids, 𝑉𝑣 , and the constant volume of incompressible solids, i.e. the
volume of CW, 𝑉𝐶𝑊 :

𝑒∗ =

𝑉𝑣
= 𝑒0∗ + 𝜀𝑣∗ (1 + 𝜔0 )
𝑉𝐶𝑊

(5.18)

where 𝑒0∗ is the initial modified void ratio before shearing. Figure 5.13 shows the
void ratio and the modified void ratio at the ChS and the CS. Due to the ongoing
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deformation of rubber even after large axial strains (>20%), a clear critical state
attributed to d𝜀𝑣 = 0 cannot be fully attained in the 𝜀𝑣∗ - 𝜀1 plane, as previously
shown in the stress-strain curves of CWRC mixtures. However, the rate of
deformation becomes negligible after about 20% axial strain, so a set of quasicritical state parameters can be determined at that stage. Mashiri et al. (2015)
referred to this state as the constant stress ratio (CSR) condition instead of the
conventional CS; indeed, the authors have also observed that the stress ratio became
constant at high axial strains while the volumetric strain kept changing. In view of
this, Eq. 5.17 was used to determine the void ratio at the ChS and Eq. 5.15 to
determine the CS void ratio, assuming that after dilation all rubber particles had
recovered to their initial volume so the traditional equation could then be applied.
′
′
A unique ChSL and CSL exist in the 𝑒𝐶ℎ𝑆 − ln𝑝𝐶ℎ𝑆
plane and the 𝑒𝐶𝑆 − ln𝑝𝐶𝑆
plane,

respectively, for all CWRC mixtures (Fig. 5.13). Despite the increase in the
compressive void volumetric strain at the ChS implying that a smaller void ratio
should be observed when the rubber content increases, almost the same void ratio
is observed for all CWRC mixtures. This is explained by the compression of rubber
particles and the associated change in the volume of solids that is correctly
accounted for in Eq. 5.17, resulting in a constant ratio between the volume of voids
and the volume of solids. After reaching the ChS, dilation begins, and the compressed
rubber particles begin to recover their initial volume. At the CS, all the mixtures
attain the same final volume of voids, i.e. the same void ratio.
∗
′
When rubber is added, the ChSL and the CSL shift upward in the 𝑒𝐶ℎ𝑆
− ln𝑝𝐶ℎ𝑆
plane
∗
′
and the 𝑒𝐶𝑆
− ln𝑝𝐶𝑆
plane, respectively; this is because the initial modified void ratio

of the mixture, 𝑒0∗ , increases with the increasing rubber content. Note that both the
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∗
ChSL and the CSL rotate clockwise with the increasing rubber content in the 𝑒𝐶ℎ𝑆
−
′
ln𝑝𝐶ℎ𝑆
plane. A similar trend was reported by Qi et al. (2018) for CW+SFS+RC

mixtures for the CSL in the 𝑒 − ln𝑝’.

Figure 5.13. Characteristic state line in the (a) 𝑒 − 𝑙𝑛 𝑝′ plane and (b) 𝑒 ∗ − 𝑙𝑛 𝑝′
plane, and critical state line in the (c) 𝑒 − 𝑙𝑛 𝑝′ plane and (d) 𝑒 ∗ − 𝑙𝑛 𝑝′ plane
The ChSL and the CSL can be described by a linear relationship of the form:
∗
∗
′
𝑒𝐶ℎ𝑆,𝐶𝑆
= Γ𝐶ℎ𝑆,𝐶𝑆
− λ∗𝐶ℎ𝑆,𝐶𝑆 𝑙𝑛 𝑝𝐶ℎ𝑆,𝐶𝑆

(5.19)
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∗
′
In the above, Γ𝐶ℎ𝑆,𝐶𝑆
is the modified void ratio at 𝑝𝐶ℎ𝑆,𝐶𝑆
= 1, and λ∗𝐶ℎ𝑆,𝐶𝑆 is the
∗
′
∗
gradient of the ChSL and the CSL in the 𝑒𝐶ℎ𝑆,𝐶𝑆
− ln𝑝𝐶ℎ𝑆,𝐶𝑆
planes. Γ𝐶ℎ𝑆,𝐶𝑆
and λ∗𝐶ℎ𝑆,𝐶𝑆

can be expressed as linear functions of the rubber content, 𝑋𝑅𝐶 :
∗
Γ𝐶ℎ𝑆,𝐶𝑆
= 𝑘1𝐶ℎ𝑆,𝐶𝑆 + 𝑘2𝐶ℎ𝑆,𝐶𝑆 𝑋𝑅𝐶

(5.20a)

λ∗𝐶ℎ𝑆,𝐶𝑆 = 𝑘3𝐶ℎ𝑆,𝐶𝑆 + 𝑘4𝐶ℎ𝑆,𝐶𝑆 𝑋𝑅𝐶

(5.20b)

′
The parameters for the ChSL and the CSL in the 𝑒𝐶ℎ𝑆,𝐶𝑆 − ln𝑝𝐶ℎ𝑆,𝐶𝑆
planes and the
∗
′
𝑒𝐶ℎ𝑆,𝐶𝑆
− ln𝑝𝐶ℎ𝑆,𝐶𝑆
planes are listed in Table 5.4. These parameters were determined

from triaxial compression tests conducted at confining pressures of 25 kPa, 50 kPa
and 75 kPa; the test data obtained at a confining pressure of 10 kPa was used
separately to validate the parameters. Figure 5.14 shows the relationship between
the modified void ratio, the rubber content and ln𝑝’ at the ChS and the CS in 3D
space, and a good agreement is observed between the measured and the predicted
values.
Table 5.4. Parameters for the characteristic state line and the critical state line
Characteristic State Parameters
Modified void ratio, 𝑒 ∗

Void ratio, 𝒆
∗
𝛤𝐶ℎ𝑆

𝜆∗𝐶ℎ𝑆

𝚪𝑪𝒉𝑺

λ𝐶ℎ𝑆

𝑘1𝐶ℎ𝑆

𝑘2𝐶ℎ𝑆

𝑘3𝐶ℎ𝑆

𝑘4𝐶ℎ𝑆

0.3137

0.0066

0.3137

0.0075

0.0066

0.00026

Critical State Parameters
Modified void ratio, 𝑒 ∗

Void ratio, 𝒆
∗
𝛤𝐶𝑆

𝜆∗𝐶𝑆

𝚪𝑪𝑺

λ𝐶𝑆

𝑘1𝐶𝑆

𝑘2𝐶𝑆

𝑘3𝐶𝑆

𝑘4𝐶𝑆

0.4614

0.0256

0.4614

0.013

0.0256

0.0014
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Figure 5.14. The void ratio and the modified void ratio at the ChS and the CS in 3D
space
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5.7 Dilatancy
Dilatancy quantifies the rate of incremental plastic volumetric strain, d𝜀𝑣𝑝 , with
respect to the incremental plastic deviator strain, d𝜀𝑞𝑝 . For CWRC mixtures, the
plastic deformation is mainly attributed to the change in the volume of voids,
whereas the elastic deformation is associated with the change in the volume of
solids (i.e. RC). Therefore, dilatancy is expressed as the ratio, 𝑑 = d𝜀𝑣∗ ⁄d𝜀𝑞𝑝 and is
best plotted against the stress ratio (𝜂 = 𝑞 ⁄𝑝′) to interpret the volumetric stressstrain response. In this study, it is characterized by three stress ratio values: the
characteristic state stress ratio, 𝜂𝐶ℎ𝑆 , where 𝑑 = 0 and d𝜂 ≠ 0 and the
corresponding volumetric behavior changes from contraction to dilation, the peak
stress ratio, 𝜂𝑝𝑒𝑎𝑘 , and the critical state stress ratio, 𝜂𝐶𝑆 , where 𝑑 = 0 and d𝜂 = 0.
Figure 5.15 shows the dilatancy behavior of CWRC mixtures at confining pressures
of 25, 50 and 75 kPa. With increasing RC content, 𝜂𝐶ℎ𝑆 and 𝜂𝐶𝑆 remain relatively
constant, whereas 𝜂𝑝𝑒𝑎𝑘 decreases. Again, this indicates that the inclusion of rubber
(<15%) affects mainly the peak stress state, but the ChS and the CS are still
predominantly governed by the interaction of CW particles in the granular matrix.
At the same effective confining pressure and before reaching the ChS, the dilatancy
associated with the contraction range increases as rubber content increases. This is
attributed to the deformation and compression of rubber particles which induces a
higher rate of volumetric strain accumulation with respect to the deviator strain.
It is noteworthy that rubber has a lower frictional strength than CW with a friction
angle of 28° and the same was also observed in previous studies (e.g. Youwai and
Bergado 2003; Zornberg et al. 2004). This means that when dilation starts and the
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particles begin sliding over each other, the overall frictional resistance for the same
internal packing (granular matrix) decreases with increasing RC contents, and this
explains the reduction in 𝜂𝑝𝑒𝑎𝑘 . When the mixture reaches its CS and the number of
contact points between particles reaches a minimum, this effect on the peak stress
ratio diminishes, and then the current (post-peak) stress ratio is governed by the
frictional resistance of CW particles only, when the rubber content is relatively low
(< 15%), which explains the constant stress ratio observed at the critical state.

Figure 5.15. Dilatancy behaviour of CWRC mixtures
101

5.8 Energy Dissipation
During shearing, the total maximum energy absorbed by the system, 𝑊𝑚𝑎𝑥 , is the
summation of two components; the work associated with the frictional resistance
of particles (𝑊𝑞 ) and the work associated with the volumetric deformation (𝑊𝑝 )
(see Appendix E for derivation):
𝑊𝑚𝑎𝑥 = 𝑊𝑞 + 𝑊𝑝 = 𝑞𝑝𝑒𝑎𝑘 d𝜀𝑞 + 𝑝′ d𝜀𝑣 𝑐𝑜𝑚𝑝

(5.21)

In the above, 𝑞𝑝𝑒𝑎𝑘 is the peak deviator stress, d𝜀𝑞 is the deviator strain
corresponding to the peak deviator stress, 𝑝′ is the mean effective stress
corresponding to the maximum compressive volumetric strain and d𝜀𝑣 𝑐𝑜𝑚𝑝 is the
maximum compressive volumetric strain. Figure 5.16 shows the maximum work
input up to the failure point of CWRC mixtures under confining pressures of 25, 50
and 75 kPa. Similar to other traditional material, the maximum work absorbed by
the mixture prior to failure increases with increasing effective confining pressures
as more energy is dissipated through the frictional stresses between particles within
the specimen. More importantly, it is evident from Fig. 5.16 that the maximum
energy absorbed by the mixture increases with increasing RC contents despite the
decrease in the peak deviator stress, 𝑞𝑝𝑒𝑎𝑘 . The inter-particle frictional resistance is
expected to decrease when the RC content increases, because, rubber has a lower
shear strength than CW. However, the energy that could otherwise be dissipated
through the frictional resistance of rigid particles (i.e. CW) is now dissipated through
the compression of rubber particles. Therefore, the maximum energy that the
system could accommodate prior to failure would increase with an increasing RC
content accompanied by further deformation.
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Figure 5.16. Energy absorption potential of CWRC mixtures
In other words, rubber does not only affect the total energy absorbed by a system, it
also affects the distribution of energy within the system. When energy is imparted
to a soil specimen by an external force, the energy is translated into deformation of
the system. This overall deformation results from one or a combination of three
micro-mechanisms: the sliding of particles along each other and rearrangement, the
breakage of particles and further rearrangement and the compression of particles.
Rubber affects all three mechanisms. Because rubber is deformable, it enhances the
rearrangement of particles reducing the volume of voids (i.e. reduction in 𝑉𝑣 ⁄𝑉𝐶𝑊 ).
On the other hand, the energy absorbed by rubber when it deforms reduces the
breakage of particles. Finally, the compression of rubber particles results in a change
in the total volume of solids within the specimen (i.e. reduction in 𝑉𝑅𝐶 ⁄𝑉𝐶𝑊 ). Fig.
5.17 shows the change in the BI, ∆𝑉𝑣 ⁄𝑉𝐶𝑊 and ∆𝑉𝑅𝐶 ⁄𝑉𝐶𝑊 at the ChS with reference
103

to the mixture with no rubber. With increasing rubber contents, the BI decreases,
the change in the volume of voids with respect to the volume of incompressible
solids increases and the change in the volume of compressible solids with respect to
the volume of the incompressible solids increases. The physical significance of this
change in the way the energy is dissipated within the specimen is largely related to
plastic and elastic deformations. When the breakage index decreases, this means
that the plastic strains attributed to this mechanism are reduced. Although the
deformation related to the change in the volume of voids and solids increases, these
deformations are mostly of small strain (elastic) and recoverable when the load is
removed. This indicates that the mixture becomes increasingly more energy
absorbing with reduced plastic strains.

Figure 5.17. Effect of rubber on the energy distribution within the CWRC mixture
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5.9 Chapter Summary
In this chapter, the behaviour of the CWRC mixture under monotonic loading
conditions was investigated. Static consolidated drained triaxial compression tests
were performed under confining pressures of 25, 50 and 75 kPa to mimic field
conditions in railway sublayers and additional tests under a confining pressure of
10 kPa were performed to validate developed models at very low confining
pressures. The following summary can be made:
1. When rubber was added, the mixture gradually shifted from a brittle
behaviour to a ductile post-peak strain softening behaviour and the peak
deviator stress decreased. The axial strain corresponding to the peak
deviator stress also increased reflecting the effect of the elasticity of rubber
on the stiffness of the mixture. Similarly, the maximum compressive
volumetric strain showing only the change on the volume of voids increased
with increasing rubber contents, indicating the effect of rubber inclusion on
the rearrangement and re-packing of particles during loading.
2. The peak friction angle and the shear strength decreased when rubber was
added to the mixture. A semi-empirical model was proposed to predict the
peak friction angle of the CWRC mixture as a 3D multivariable function of the
effective confining pressure and the rubber content. An exponential function
was selected for the peak friction angle to make the model applicable to other
waste mixtures with higher rubber contents. A non-linear shear strength
envelope was proposed for the CWRC mixture using a power function that
was previously proposed for rockfills. Both models showed a good
agreement with the experimental data and can be later incorporated in
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numerical models to simulate the performance of the CWRC mixture under
different stress conditions.
3. Unique ChSL and CSL were observed for all CWRC mixtures considered in
this study and for relatively low rubber contents (<15%) rubber affected
only the peak stress state (failure stress). In this context, a compressibility
ratio was defined as the ratio between the compressible volume (volume of
voids and RC) and the incompressible volume (volume of CW). The effect of
the initial compressibility ratio on the ChS, peak state and CS was found to be
similar to the effect of the initial relative density (or initial void ratio) of
traditional relatively incompressible granular materials such as sand or CW.
4. A modified void ratio was defined as the ratio of the volume of voids to the
volume of incompressible solids (i.e. CW) while a new equation was
proposed to determine the void ratio of the mixture in the compressive range
incorporating the change in the volume of rubber particle during loading.
5. Finally, the energy absorption capacity of the mixture increased with
increasing rubber contents due to the effect of rubber inclusion on the energy
distribution within the mixture when a load is applied. For the same stress
level, when rubber is added to the mixture more energy is dissipated through
the compression and deformation of rubber particles resulting in a more
compact packing of CW particles (i.e. higher compressive volumetric strain)
and less particle degradation (i.e. reduction in BI).
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CHAPTER SIX
6 BEHAVIOUR OF THE CWRC MIXTURE UNDER CYCLIC LOADING
6.1 Introduction
Monotonic loading conditions fail, in many civil applications, to accurately simulate
true field conditions. In transportation infrastructure systems, loads are dynamic,
and it is therefore essential to evaluate the behaviour of a new material under cyclic
loading conditions to predict its behaviour in practice and avoid unexpected
failures. In this chapter, the results of drained cyclic triaxial compression tests
performed on four CWRC mixtures under different stress conditions are presented.
These tests were first carried out for 200,000 cycles with no rest period. The effect
of rubber inclusion on the dynamic properties of the CWRC mixture including axial
strain, volumetric strain, resilient modulus, and damping properties are thoroughly
discussed.
Given that rubber crumbs are compressible, and they can store energy during cyclic
loading in a cumulative manner, the total recoverable strain when the deviator
stress is completely removed can only be evaluated if a rest period is applied.
Additional cyclic triaxial compression tests were performed for 480,000 cycles and
a rest period for a duration of 10 minutes was applied every 40,000 cycles. In this
chapter, the behaviour of the mixture is also evaluated in terms of total recoverable
axial strain and permanent axial strain with and without a rest period. Moreover,
local strain measurement was used to accurately measure the total volumetric
change and accordingly evaluate the change in the volume of the solid phase due to
rubber compression.
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6.2 Axial Strain
The permanent axial strain is an important criterion during the design of a new
material for transportation corridors, typically used as an indication of the expected
settlements of the substructure when live loads are applied. During a load cycle,
three types of axial strain exist as illustrated in Fig. 6.1; the total axial strain, 𝜀1 , the
permanent axial strain, 𝜀1𝑝 and the recoverable axial strain (or resilient strain), 𝜀1𝑟 .
The permanent axial strain is determined at the minimum cyclic deviator stress.

Figure 6.1. Total, permanent and resilient axial strain during a load cycle
Figure 6.2(a-c) shows the permanent axial strain of the CWRC mixtures with 0%,
5%, 10% and 15% RC considering different values of CSR and confining pressures
for up to 200,000 cycles.
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Figure 6.2. Permanent axial strain of the CWRC mixtures under different stress
conditions
For all the stress conditions, the axial strain increases with increasing rubber
content, and this is an expected outcome associated with the deformation and
compression of rubber particles. It is noted that the major increase in the axial strain
occurs when the mixture has 5% added rubber, and the axial strain increases at a
slower rate for the mixtures with higher rubber contents (i.e. 10% and 15%) as
shown in Fig. 6.3. For the same CSR, there is a relatively slight increase in the
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permanent axial strain when the deviator stress and the confining pressure increase
simultaneously. For instance, the permanent axial strain measured after 200,000
cycles for the mixtures with RC = 10% and RC = 15% increases from 1% to 1.98%
and from 1.37% to 2.14%, respectively. However, the axial strain increases
significantly when the CSR increases to 2.0 with a confining pressure of 25 kPa and
a deviator stress of 100 kPa, and the rise is more evident for the mixtures with
rubber. For example, for the mixtures with RC = 10% and RC = 15%, the permanent
axial strain increases from 1% to 3.56% and from 1.37% to 4%, respectively, when
the CSR increases from 0.8 to 2.0 under the same confining pressure of 25 kPa.

Figure 6.3. Percent increase in the permanent axial strain for different ranges of
rubber content

During cyclic loading, cyclic densification is defined as the gradual accumulation of
the plastic axial strain (permanent axial strain) with every load cycle. When the
growth of plastic strain levels off, the material is considered to have reached a state
of shakedown where the loading-unloading curve becomes purely elastic with no
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further build-up of the plastic strain (Lekarp et al. 2000). If the loading-unloading
curve becomes a straight line, the phenomenon is called “elastic shakedown”.
Otherwise, if the residual stress-strain response is a closed-loop, the final steady
state is depicted as “plastic shakedown” (Collins et al. 1993). Nonetheless, if the
cyclic axial stress is greater than a threshold stress described as the “critical
shakedown limit”, the material would exhibit an incremental failure accompanied
with a progressive accumulation of plastic strain. It was reported that the ratio
between the “critical shakedown limit” (which separates the stable conditions from
the incremental failure conditions) and the failure stress under monotonic loading
conditions (i.e. critical PCSR) ranges between 0.58 and 0.98 for gravel and crushed
stone (Lekarp et al. 2000).
As the definition implies, shakedown is better investigated over a range of load
cycles, rather than the incremental strain over one cycle. Accordingly, the
incremental plastic axial strain over different ranges of load cycles is illustrated in
Fig. 6.4a-c. Different shakedown criteria have been proposed in the literature based
on the incremental strain for a given number of load cycles. For instance, according
to Werkmeister et al. (2001) and Gu et al. (2017), unbound granular materials are
considered to reach shakedown if the incremental plastic strain between the 3000th
and 5000th cycle is less than 0.045% and 0.06%, respectively. Otherwise,
incremental collapse is expected to occur after many cycles accompanied with a
significant build-up of permanent axial strain. However, this criterion can only be
applicable to rigid aggregates where shakedown is expected to happen during the
first few load cycles. When a compressible component like rubber is added to the
mixture, it is expected that a higher number of cycles is required to reach
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shakedown. It is clear form Fig. 6.4 that for the mixture with no rubber, shakedown
is attained after only a few cycles (100 cycles), as the incremental strain over the
subsequent 900 cycles is less than 0.03%. For 5% rubber content, plastic shakedown
is attained after 1,000 cycles knowing that the incremental plastic strain becomes
less than 0.2% between 1,000 and 10,000 cycles, which is equivalent to 0.04% over
2000 cycles. When more than 5% of RC is added to the mixture, shakedown is still
attained, but after a larger number of cycles, and that is after 10,000 cycles, where a
total incremental strain of less than 0.15% is recorded for the next 90,000 cycles (i.e.
0.003% over 2000 cycles). It is noteworthy that the material exhibits a “plastic
shakedown” as illustrated in Fig. 6.5 which shows that the residual stress-strain
response after 200,000 cycles is a closed-loop rather than a purely elastic straight
line. These results indicate that the inclusion of rubber does not prevent shakedown,
but a longer period of cyclic densification is required to attain a stable state where
the permanent axial strain becomes relatively constant. It is noteworthy that,
despite the reduction in its strength when rubber is added to the mixture,
incremental collapse was not observed for all mixtures even when an axial stress
around the yield stress (YCSR = 1.0) and a PCSR as high as 0.76 were applied.
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Figure 6.4. Evolution of the incremental plastic strain and shakedown of CWRC
mixtures
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Figure 6.5. Resilient stress-strain loop after shakedown
Figure 6.6a shows the permanent axial strain for CWRC mixtures tested under a
confining pressure of 25 kPa and a cyclic deviator stress of 100 kPa with a rest
period. For the mixture with no rubber, the permanent axial strain is almost
constant before and after each rest period. When rubber is added, the permanent
axial strain decreases after applying the rest period and increases back to the same
level when the load is applied again, and the reduction becomes more evident when
rubber content increases. This indicates that during the cyclic loading, energy is
being stored in the sample through the accumulation of a resilient strain that can
only be recovered when the load is completely removed.
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Figure 6.6. Effect of the rest period on the permanent and resilient axial strain of
CWRC mixtures

Figure 6.6b-e shows the resilient strain before and after each rest period. The
resilient strain 𝜀1𝑟 is the difference between the maximum axial strain, 𝜀1,𝑚𝑎𝑥 and
the minimum axial strain, 𝜀1,𝑚𝑖𝑛 during one loading cycle:
𝜀1𝑟 = 𝜀1,𝑚𝑎𝑥 − 𝜀1,𝑚𝑖𝑛 = 𝜀1 − 𝜀1𝑝

(6.1)
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The resilient strain before the rest period is the difference between the maximum axial
strain and minimum axial strain during a load cycle before the test is paused, whereas the
resilient strain after the rest period is the difference between the maximum axial strain
during the last cycle before the test is paused and the minimum axial strain at the end of
the rest period, i.e. including the strain recovered during the rest period. It is observed
that the resilient strain measured during cyclic loading (i.e. before the rest period)
increases only slightly when rubber content increases; this is attributed to the high
frequency used in this study (i.e. 10 Hz), where the mixture cannot fully recover its
elastic strain before the next load cycle is applied. On the other hand, the resilient
strain after each rest period increases significantly with increasing rubber content.
This indicates that when a rest period is introduced and the load is completely
removed, the energy cumulatively stored through the compression of rubber
particles is partially released through a partial rebound of RC resulting in a further
increase in the resilient strain.
6.3 Volumetric Strain
The void volumetric strain, 𝜀𝑣∗ , measured by controlling the volume of water inside
the sample (under drained saturated conditions) represents only the change in the
volume of voids, 𝑉𝑣 , as expressed in the equation below:

𝜀𝑣∗ =

∆𝑉𝑣 ∆𝑉𝑤
=
𝑉0
𝑉0

(6.2)

The void volumetric strain of CWRC mixtures under different stress conditions is
shown in Fig. 6.7a-c. A contractive behaviour is observed for the entire duration of
cyclic loading (200,000 cycles) for all the mixtures and all stress conditions
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considered herein, even for a YCSR = 1.0. It is noteworthy that a YCSR of 1.0 means
that the cyclic stress is equal to the yield stress which separates the contractive
behaviour from the dilative behaviour under monotonic loading conditions. The rate
of accumulation and the value of the volumetric strain increase as the rubber
content increases from 0% to 15%. This is more evident in Fig. 6.7c when a confining
pressure of 25 kPa and a cyclic deviator stress of 100 kPa are applied.

Figure 6.7. Volumetric strain of the CWRC mixtures under different stress
conditions
117

To measure the total volumetric strain which accounts for both the change in the
volume of voids and rubber particles, the Hall effect sensors were used to measure
the radial strain. Then, the total volumetric strain was calculated using the following
equation:

𝜀𝑣 =

∆𝑉 ∆(𝑉𝑣 + 𝑉𝑅𝐶 )
=
= 𝜀1 + 2𝜀3
𝑉0
𝑉0

(6.3)

In previous studies on aggregate-rubber mixtures, rubber was considered
incompressible. When unconfined, (i.e. 𝜎1 > 0 and 𝜎3 = 0) rubber has a Poisson’s ratio
close to 0.5. Meaning, ideally when there is no confinement, the volumetric strain of
rubber is zero for any applied load. Meaning, ideally when there is no confinement, the
volumetric strain of rubber is zero for any applied load. However, when a confining
pressure is applied, rubber may exhibit a volumetric change. Plachy et al. (2017) showed
through hydrostatic compression tests that the compressibility of rubber is pressure
dependent and the study highlighted the need to develop more realistic mechanical
models to account for the compressibility of rubber. Figure 6.8a shows the void
volumetric strain, 𝜀𝑣∗ , and the total volumetric strain, 𝜀𝑣 , for all CWRC mixtures under
a confining pressure of 25 kPa and a cyclic deviator stress of 100 kPa. It is
noteworthy that a rebound behaviour is observed for the total and void volumetric
strain after each rest period. For the mixture without RC, the difference between the
void volumetric strain and the total volumetric strain is negligible. For all the
mixtures with RC, there is a difference between the void volumetric strain, and the
total volumetric strain, and it is evident that the difference is more pronounced at
higher rubber contents. This reflects the change in the volume of the solid phase (i.e.
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change in the volume of RC) within the mixture, which is not accounted for in the
void volumetric strain. For a granular assembly with a compressible component, a
solid volumetric strain, 𝜀𝑣𝑠 , can be defined as:

𝜀𝑣𝑠 =

∆𝑉𝑠
= 𝜀𝑣 − 𝜀𝑣∗
𝑉0

(6.4)

Figure 6.8b shows the effect of rubber content and the rest period on the solid
volumetric strain of CWRC mixtures. It is noted that the mixture with no rubber
shows a negligible change in its solid phase under cyclic loading. As a result of
rubber compression and deformation, the solid volumetric strain increases
significantly when 5% RC are added to the mixture with a slower increase when
more rubber is added (i.e. 10% and 15%). Like the void volumetric strain, a dilative
behaviour is observed after each rest period. This indicates that when the test is
stopped and the load is completely removed, rubber particles attempt to partially
recover their original volume resulting in a dilative solid volumetric strain.
Nevertheless, the initial volume cannot be fully recovered due the internal
confinement by surrounding rigid particles (i.e. CW) created during cyclic
densification.
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Figure 6.8. (a) total volumetric strain, void volumetric strain and (b) solid
volumetric strain of CWRC mixtures
6.4 Void Ratio
An alternative equation for the void ratio that considers the change in the volume of
the solid phase was derived in Chapter 5 and is expressed as (see Appendix D for
derivation):
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𝑒=

𝑒
(1 +0𝑒 ) + 𝜀𝑣∗
0

(1 + 𝜀𝑣 ) − [(

𝑒0
∗
1 + 𝑒0 ) + 𝜀𝑣 ]

(6.5)

When the solids within the mixture are not compressible and (𝜀𝑣∗ = 𝜀𝑣 ), Eq. 6.5
becomes:
𝑒 = 𝑒0 + 𝜀𝑣∗ (1 + 𝑒0 )

(6.6)

Figure 6.9 shows the void ratio calculated using both Eq. 6.5 and Eq. 6.6. For the
mixture with no rubber, the difference between the values calculated using both
equations is insignificant given that the change in the volume of solids (i.e. CW
particles) is minor, hence both equations would yield the same result. Nevertheless,
when rubber is added to the mixture, the void ratio calculated using Eq. 6.5, which
considers the change in the volume of RC, is greater than the void ratio determined
from the classical equation (Eq. 6.6). Also, during the first 100 cycles, the void ratio
of mixtures with added rubber increases even though a compressive behaviour is
observed from the void volumetric strain. This is attributed to a simultaneous
reduction in the volume of the solid phase resulting in an initial increase in the void
ratio. This indicates that classical soil mechanics relationships that were initially
developed for relatively incompressible and rigid granular materials cannot be
directly extrapolated to describe the behaviour of mixtures with a compressible
component like RC.

121

Figure 6.9. Effect of rubber compressibility on the void ratio
6.5 Resilient Modulus
The resilient modulus, 𝑀𝑟 , is a soil property related to the elastic stiffness of the
material and is equivalent to the modulus of elasticity under monotonic loading.
Different concepts were proposed in the literature to evaluate the resilient modulus
of a soil body under cyclic loads (e.g. Arulrajah et al. 2015; Guo and Emery 2011;
Lekarp et al. 2000; Sevi and Ge 2012; Stolle et al. 2009). Lekarp et al. (2000)
conducted an extensive literature review on the resilient stress-strain relationship
for unbound aggregates and concluded that the resilient modulus is highly
depending on the confining pressure, fines content, stress levels and water content.
Given that the resilient modulus is associated with elastic strains, adding an energy
absorbing material like rubber is expected to decrease the resilient modulus,
increase elastic deformations and attenuate plastic deformations.
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The resilient modulus is defined as the ratio between the difference between the
maximum and the minimum cyclic deviator stress, ∆𝑞𝑐𝑦𝑐 , and the recoverable strain,
𝜀1𝑟 , during a load cycle, and is typically measured when a state of elastic or plastic
shakedown is attained (see Fig. 6.1):

𝑀𝑟 =

∆𝑞𝑐𝑦𝑐
𝜀1𝑟

(6.8)

Figure 6.10 shows the relationship between the resilient modulus and the number
of cycles for all CWRC mixtures under different stress conditions. In general, the
resilient modulus decreases with increasing rubber content, a behaviour resulting
from the increased elasticity by adding rubber and the associated reduction in the
mixture’s stiffness. The 𝑀𝑟 of CWRC mixtures with RC ≥ 10% reaches a stable state
after 10,000 loading cycles, while a fewer number of cycles is needed to reach a
stable condition for the mixtures with 0% and 5% RC. When tested at a constant
CSR of 0.8, the 𝑀𝑟 increases when 𝜎′3 and 𝑞𝑐𝑦𝑐 increase simultaneously. Also, When
the CSR increases from 0.8 to 2.0 under the same 𝜎′3 = 25 kPa (i.e. 𝑞𝑐𝑦𝑐 increases
from 40 kPa to 100 kPa), 𝑀𝑟 increases (Fig. 6.10a and 6.10c). However, when the
CSR increases from 0.8 to 2.0 but the confining pressure decreases from 50 kPa to
25 kPa, 𝑀𝑟 decreases (Fig. 6.10b and 6.10c) despite the increase in 𝑞𝑐𝑦𝑐 . This
indicates that the resilient modulus of the CWRC mixture is more affected by the
confining pressure than the CSR, and the effect of the CSR is better investigated if
the confining pressure is kept constant.
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Figure 6.10. Resilient Modulus of CWRC mixtures
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6.6 Damping Ratio and Shear Modulus
The damping ratio, 𝐷, is an important parameter in soil dynamics as it represents
the efficiency of energy dissipation in the system during a load cycle. The higher the
damping ratio, the more efficiently the system can dissipate energy. The damping
ratio is calculated as the area enclosed within the loop formed in the stress-strain
plane during one load cycle divided by the area of the triangle representing full
energy recovery (linear elastic response) as shown in Fig. 6.11a. The shear modulus,
𝐺, is a parameter related to the stiffness of the material and is determined in the
shear strain-shear stress plane (Fig. 6.11a). Figure 6.11b shows that the damping
ratio of the CWRC mixture increases with increasing rubber content. For the same
CSR and when the confining pressure increases from 25 to 50 kPa and the cyclic
deviator stress increases from 40 to 80 kPa, the damping ratio remains constant for
all CWRC mixtures. However, when the CSR increases from 0.8 to 2.0, the damping
ratio of the mixture without rubber decreases significantly while the mixtures with
rubber maintain somewhat the same damping ratio. This indicates that the damping
ratio of rigid materials (CW) is dependent on the CSR regardless of the confining
pressure and the cyclic deviator stress. Meaning, an increase in CSR reduces the
efficiency of the CW to dissipate energy due to high levels of cyclic densification.
Moreover, rubber particles sustain the energy dissipation efficiency of the mixture
through compression and deformation even after undergoing cyclic densification
under higher values of CSR.
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Figure 6.11. Damping ratio of the CWRC mixtures
The shear modulus vs. rubber content is shown in Fig. 6.12 for all stress conditions.
Generally, the shear modulus decreases with increasing rubber content. Again, this
is attributed to the elasticity of rubber which contributes to the overall reduction in
the stiffness of the mixture. Under the same CSR, the shear modulus increases when
both the confining pressure and the cyclic deviator stress increase, but the variation
becomes less evident as the rubber content increases. A similar behaviour was
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reported by Qi (2017) for the mixtures of CW, RC and SFS when tested under three
stress conditions with the same CSR. On the other hand, when the confining pressure
remains constant at 25 kPa and the CSR increases from 0.8 (𝑞𝑐𝑦𝑐 = 40 kPa) to 2.0
(𝑞𝑐𝑦𝑐 = 100 kPa), the shear modulus remains almost constant. This indicates that,
similar to the resilient modulus, the shear modulus of the CWRC mixture is highly
dependent on the confining pressure, while the cyclic deviator stress does not show
a significant effect when the same confining pressure is applied.

Figure 6.12. Shear modulus of the CWRC mixtures

6.7 Breakage Index and Energy Dissipation
Particle degradation of the CWRC mixture after cyclic loading was evaluated using
the Breakage Index (BI) proposed by Indraratna et al. (2005) and Fig. 6.13 shows
the BI of CWRC mixtures under a confining pressure of 25 kPa and a cyclic deviator
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stress of 100 kPa with and without a rest period. Generally, it is observed that the BI
decreases with increasing rubber content. For the mixture with RC ≤ 5%, the BI
evaluated after 480,000 cycles when a rest period was applied every 40,000 cycles
is greater than the BI determined after 200,000 cycles without a rest period. This is
an expected outcome since the mixture is subjected to a higher number of load
cycles. Nevertheless, for the mixture with RC ≥ 10%, the BI evaluated after 200,000
cycles with no rest period is greater than the BI evaluated after 480,000 cycles with
a rest period applied every 40,000 cycles even though the number of cycles is almost
doubled for the latter case.

Figure 6.13. Breakage Index of the CWRC mixtures with and without a rest period
Fig. 6.14a illustrates the effect of the rest period on the stress-strain loop. After a
sufficient number of cycles, the mixture reaches shakedown and the stress-strain
loop becomes fully resilient (1-2) (i.e. no further accumulation of plastic strain).
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When a rest period is applied and the external load is completely removed, the
recoverable strain, 𝜀1𝑟 , increases further due to the rebound of rubber particles (23). When the load is applied again, the mixture goes through another cyclic
densification stage (4-5-6) before reaching plastic shakedown again (2-1-2…). It is
evident form Fig. 6.14b that the total energy dissipated during the first cycle after
the rest period is higher than the energy dissipated during one load cycle after cyclic
densification, i.e. when the mixture reached shakedown.

Figure 6.14. Effect of the rest period on the stress-strain loop
An efficiency ratio, 𝐸𝑅, can be defined as the ratio between the total input energy
and the total energy dissipated during one load cycle:

𝐸𝑅 =

𝐸𝑑𝑖𝑠
𝐸𝑡𝑜𝑡𝑎𝑙 − 𝐸𝑟𝑒𝑠
=
𝐸𝑡𝑜𝑡𝑎𝑙
𝐸𝑡𝑜𝑡𝑎𝑙

(6.9)

where

129

𝜀𝑚𝑎𝑥

𝑞d𝜀 (area under the loading curve)

(6.10a)

𝑞d𝜀 (area under the unloading curve)

(6.10b)

𝐸𝑡𝑜𝑡𝑎𝑙 = ∫
𝜀𝑚𝑖𝑛

𝜀𝑚𝑖𝑛

𝐸𝑟𝑒𝑠 = ∫
𝜀𝑚𝑎𝑥

Figure 6.15a shows the amount of dissipated energy during the last cycle before the
rest period (i.e. at shakedown) and during the first cycle after the rest period. It is
evident that for the mixture with no rubber, the amount of energy dissipated is
similar before and after the rest period. On the other hand, when rubber is added,
the amount of energy dissipated during the first cycle after the rest period is higher
than the energy dissipated after shakedown (i.e. before the rest period). Figure
6.15b also shows that shows that there is 35% increases in the mixture’s efficiency
in dissipating energy after the rest period for RC = 15%. For a CWRC mixture, the
total input energy is dissipated in three main forms: (1) the sliding and
rearrangement of particles, (2) the deformation of particles and (3) the breakage of
particles. As the rubber content increases (i.e. compressible component), more
energy is dissipated through the compression and deformation of rubber particles
and less energy is dissipated through densification and breakage. This is proved by
the fact that more load cycles are needed to reach shakedown (a phenomenon
associated with the rearrangement of particles) when the rubber content increases
(Fig. 6.4a-c). When a rest period is introduced and the RC partially recover their
volume, they also recover their energy dissipation potential that was gradually lost
during cyclic densification, thus reducing particle degradation as less energy is
dissipated through the breakage of particles when the load is applied again.
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Figure 6.15. Effect of the rest period on the efficiency of energy dissipation
6.8 Pore Pressure Dissipation
In this study, the cyclic triaxial tests were performed under drained conditions and
the back pressure (i.e. pore pressure) was set to a constant value throughout the
test. However, the pore water pressure during cyclic loading was monitored to
evaluate whether fully drained conditions were satisfied from the start of the test.
The excess pore water pressure was determined as:
∆𝑢 = 𝑃𝑃 − 𝐵𝑃
where 𝑃𝑃 is the pore pressure measured at the bottom of the sample by the
transducer and 𝐵𝑃 is the back pressure set at the beginning of the test by the
hydraulic pressure controller. Figure 6.16 shows the deviation from the target back
pressure, i.e. the excess pore pressure built up during cyclic loading.
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Figure 6.16. Excess pore pressure during cyclic loading
There is a slight increase in the excess pore pressure during the first 100 cycles for
all CWRC mixtures. After that, the excess pore pressure starts dissipating and
eventually reaches the same residual value for all CWRC mixtures. It is noteworthy
that the pore pressure cannot fully dissipate during cyclic loading. When the cyclic
deviator stress is applied, the volume of voids decreases and to maintain the same
pore pressure, water must be drained outside the sample. However, for the
relatively high frequency considered in this study (i.e. 10 Hz), the water cannot be
fully drained between two cycles, thus resulting in a residual positive excess pore
water pressure. Nevertheless, the residual value can be considered insignificant.
When a rest period is introduced and the cyclic load is completely removed, the
excess pore pressure returns to zero, indicating that fully drained conditions are
attained once cyclic live loads are removed, thus preventing any failure caused by
the built up of pore pressures and the associated reduction in the effective stress.
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6.9 Chapter Summary
The behaviour of the CWRC mixture was investigated through drained cyclic triaxial
compression tests. For the first set of cyclic tests, no rest period was applied
between the cycles and the tests were carried out for 200,000 cycles. Four additional
tests were carried out with a rest period introduced every 40,000 cycles. Based on
the experimental results, the following summaries can be made:
1. The permanent axial and volumetric strains increased with increasing
rubber content. All the mixture reached a plastic shakedown, with longer
periods of cyclic densification required to attain a stable state when the
rubber content increases. The permanent axial strain measured during cyclic
loading was higher than the actual permanent axial strain determined after
each rest period. Accordingly, the total resilient strain (recoverable strain)
measured during cyclic loading was insignificant, while the actual resilient
strain recovered after the rest period was found to increase significantly with
increasing rubber content. This indicates that the mixture can store part of
the energy delivered by the external stresses through the accumulation of a
resilient strain that can only be recovered when live loads are removed. No
signs of frictional failure were detected for RC ≤ 15 % even for a YCSR = 1.0
and a PCSR as high as 0.76.
2. The total volumetric strain considering both the changes in the volume of
voids and the volume of solids evaluated using local strain measurements
was greater than the void volumetric strain measured by controlling the
volume of water inside the sample. Meaning, rubber inclusion incurs a
change in the volume of the solid phase which makes some of the classical
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weight-volume relationships in soil mechanics inapplicable for aggregaterubber mixtures. A modified equation was derived to determine the correct
void ratio and account for the change in the volume of the solid phase.
3. The resilient modulus and the shear modulus of the mixture decreased with
increasing rubber content and both were found to be more dependent on the
confining pressure rather than the cyclic deviator stress regardless of the
CSR. However, the inclusion of RC improved the damping ratio of the mixture.
Moreover, the damping potential of the mixtures with RC ≥ 5% was
preserved even when the CSR increased from 0.8 to 2.0, while the damping
ratio of the mixture with no rubber decreased significantly due to higher
densification levels.
4. The BI of the mixture decreased with increasing rubber content when no rest
period was applied, and the tests were carried out for 200,000 cycles. For RC
= 0% and RC = 5%, the BI increased when the test was carried out for a longer
period (i.e. 480,000 cycles) with a rest period applied every 40,000 cycles. In
contrast, for the mixtures with RC = 10% and RC = 15%, a reduction in the BI
was observed despite the increase in the number of loading cycles. This is
explained by the increase in the mixture’s efficiency in dissipating energy
after each rest period when rubber content increases. During the rest period
the mixture with rubber can recover part of its energy absorption efficiency,
which was gradually lost during cyclic densification, thus reducing particle
breakage, even when the mixture is subjected to longer periods of cyclic
loading.
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CHAPTER SEVEN
7 MODELLING THE BEHAVIOUR OF THE CWRC MIXTURE
7.1 Introduction
The behaviour of the proposed CWRC mixture was evaluated under static and cyclic
loading conditions as discussed in Chapters 5 and 6. These findings showed that the
inclusion of rubber could improve the ductility of the mixture, reduce its particle
degradation, and enhance its energy absorption potential. It is equally important to
describe the stress-strain behaviour of the CWRC mixture through mathematical
relationships that incorporate the different variables that affect its behaviour. This
is particularly important when running a numerical simulation of a given civil
engineering project where this material could potentially be used.
Several attempts have been made to use previously developed constitutive models
to describe the behaviour of mixtures of rubber and aggregates. For instance Lee et
al. (1999) used the hyperbolic model proposed by Duncan et al. (1980) to describe
the relationship between the deviator stress and the axial strain for sand-rubber
mixtures, but the model failed to capture the post-peak softening behaviour of the
mixture. Later, Youwai and Bergado (2003) used the hypoplasticity model
developed by Li and Dafalias (2000) within a critical state framework to describe
the stress-strain response of sand-rubber mixtures. In their model they modified the
equation for dilatancy because they found the initial dilatancy increased with the
mean effective stress for sand and rubber mixtures. However, the model prediction
deviated from the experimental data in the post-peak softening range because no
clear critical state could be achieved by the mixtures. In this context, Mashiri et al.
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(2015) used a constant stress ratio (CSR) framework instead of the critical state (CS)
framework to account for the absence of a distinct critical state for rubber and
aggregate mixtures. Nevertheless, none of these models accounted for the rubber
content. Most recently, Qi et al. (2019) found that the critical stress ratio, 𝑀𝐶𝑆 , is
directly related to the total work input up to failure, so they used the model
proposed by Li and Dafalias (2000) to simulate the stress-strain of a mixture of CW,
RC, and SFS. The effect of rubber was mainly captured by the relationship between
the state parameter, 𝜓, and the rubber content.
While many previous elasto-plastic models offer a high prediction accuracy for
traditional soils, the level of accuracy is directly proportional to the number of
parameters and the complexity of the equations. In this regard, there have been
other attempts to develop explicit equations to model the stress-strain response of
granular materials (Poh 1997; Wroth and Bassett 1965). Most recently Xu et al.
(2018) proposed an explicit set of equations to model the stress ratio and volumetric
strain as a function of the deviator strain. While this model worked for a wide range
of granular materials, it had not been used to describe the stress-strain response of
waste materials or rubber and aggregate composites. This chapter presents an
extension to the explicit mathematical equations proposed by Xu et al. (2018) to
cover the behaviour of composite waste granular materials with a compressible
component like rubber.
7.2 Stress and Strain Invariants
Consider the Cauchy stress tensor below representing a 3D soil element:
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Figure 7.1. Cauchy stress tensor for a 3D soil element
The hydrostatic stress tensor is expressed as:
𝜎ℎ𝑦𝑑 = 𝜎𝑘𝑘 = 𝜎11 + 𝜎22 + 𝜎33 = 𝐼1

(7.1)

where 𝐼1 is the first stress invariant of the Cauchy stress tensor. Accordingly, the
first stress invariant used in constitutive modelling is the mean effective normal
stress expressed as:
1
1
1
𝑝 = 𝐼1 = 𝜎𝑘𝑘 = (𝜎11 + 𝜎22 + 𝜎33 )
3
3
3

(7.2)

The deviator stress tensor is defined as:
𝑠𝑖𝑗 = 𝜎𝑖𝑗 − 𝛿𝑖𝑗 𝜎𝑘𝑘

(7.3)

where 𝛿𝑖𝑗 = 0 when 𝑖 ≠ 𝑗 and 𝛿𝑖𝑗 = 1 when 𝑖 = 𝑗. The second invariant of the
deviator stress tensor is then defined as:
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1
1
2
2
𝐽2 = 𝑠𝑖𝑗 𝑠𝑗𝑖 = [(𝜎11 − 𝜎22 )2 + (𝜎22 − 𝜎33 )2 + (𝜎33 − 𝜎11 )2 ] + 𝜎12
+ 𝜎23
2
6

(7.4)

2
+ 𝜎31

The second stress invariant used in the model is the deviator stress (also known as
the equivalent stress or von Mises stress) expressed as 𝑞 = √3𝐽2 :

1
2

𝑞 = √ [(𝜎11 − 𝜎22 )2 + (𝜎22 − 𝜎33 )2 + (𝜎33 − 𝜎11 )2 ] + 3(𝜎212 + 𝜎223 + 𝜎231 )

(7.5)

The volumetric strain (invariant) conjugate to the mean effective stress (invariant)
is defined as:
𝜀𝑣 = 𝐼1′ = 𝜀11 + 𝜀22 + 𝜀33

(7.6)

where 𝐼1′ is the first invariant of the strain tensor. The deviator strain (invariant)
conjugate to the deviator stress (invariant) (also known as equivalent strain or von
Mises equivalent strain) is expressed as:

2
𝜀𝑞 = √ 𝜀 ′ 𝑖𝑗 𝜀 ′ 𝑖𝑗
3
(7.7)
2
4 2
2
2
= √ [(𝜀11 − 𝜀22 )2 + (𝜀22 − 𝜀33 )2 + (𝜀33 − 𝜀11 )2 ] + (𝜀12
+ 𝜀23
+ 𝜀31
)
9
3

where 𝜀′𝑖𝑗 is the deviator strain tensor defined as:
1
′
𝜀𝑖𝑗
= 𝜀𝑖𝑗 − 𝛿𝑖𝑗 𝜀𝑘𝑘
3

(7.8)
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For the axisymmetric conditions fulfilled in a triaxial specimen the above stress and
strain invariants reduce to the following expressions:

𝑝′ =

1
(𝜎 + 2𝜎3 )
3 1

(7.9)

𝑞 = 𝜎1 − 𝜎3

(7.10)

𝜀𝑣 = 𝜀1 + 2𝜀3

(7.11)

2
𝜀𝑞 = (𝜀1 − 𝜀3 )
3

(7.12)

The stress ratio (𝜂) is defined as:

𝜂=

𝑞
𝑝′

(7.13)

For drained triaxial tests the slope of the stress path is 3, therefore:

𝑝′

𝑞
=3
− 𝑝0′

(7.14)

Then it can be written that:

𝑞=

3𝜂𝑝0′
3−𝜂

(7.15)

7.3 General Framework of the Model
Xu et al. (2018) proposed a set of two explicit equations developed independently
to describe the behaviour of frictional materials under static loading conditions. The
stress ratio is expressed as an exponential function of the deviator strain modified
by a linear function of the deviator strain:
139

−𝜀𝑞
𝜀𝑞
𝜂 = 𝑀𝑓 [1 + (
− 1) 𝑒 𝜀𝑞,𝑖 ]
𝜀𝑞,𝑢

(7.16)

where 𝑀𝑓 is the critical state stress ratio, 𝜀𝑞,𝑢 is the deviator strain at 𝜂 = 𝑀𝑓 before
the peak strength is reached, and 𝜀𝑞,𝑖 is the characteristic deviator strain defined as
(𝜀𝑞,𝑝 − 𝜀𝑞,𝑢 ) with 𝜀𝑞,𝑝 being the deviator strain at peak strength. Similarly, an
equation was proposed for the volumetric strain, 𝜀𝑣∗ , as:
−𝜀𝑞

𝜀𝑣∗

=

𝑣
𝜀𝑞,𝑖
𝑀𝑣

𝑣
𝑣
𝜀𝑞,𝑖
𝜀𝑞,𝑖
+ 𝜀𝑞
𝑣
[1 − 𝑣 + ( 𝑣
− 1) 𝑒 𝜀𝑞,𝑖 ]
𝜀𝑞,𝑢
𝜀𝑞,𝑢

(7.17)

𝑣
where 𝜀𝑞,𝑖
is a model parameter that corresponds to the deviator strain at which the

dilatancy-distortional strain curves intersect, 𝑀𝑣 is the value of dilatancy at 𝜂 = 0
which can be measured directly from the volumetric strain-deviator strain curve,
𝑣
and 𝜀𝑞,𝑢
is a model parameter that corresponds to the deviator strain where the

dilatancy is zero (i.e. the behaviour shifts from contraction to dilation).
This model is advantageous in that the equations are explicit (i.e. the solution does
not require a software to perform any integration like other constitutive models)
and only 6 parameters need to be determined experimentally. The model accurately
predicted the stress-strain behaviour of a wide range of geomaterials, but when it
was applied to the CWRC mixture considered in this study there was a significant
deviation from the experimental data around the peak stress state (Fig. 7.2). This
occurred because waste materials often have a lower strength than traditional
geomaterials and the deformation of rubber also differs from traditional
geomaterials, as explained in Chapter 5. Accordingly, in the following sections the
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original model is modified to reflect the strength of waste materials and how the
amount of rubber affects the stress-strain relationship.

Figure 7.2. Deviation between experimental data and original model prediction as
proposed by Xu et al. 2018 for the CWRC mixture under a confining pressure of 50
kPa
7.4 Modified Equations
7.4.1 Stress Ratio
For any type of geomaterials, any explicit equation for the stress ratio must satisfy
the following conditions:
1. 𝜂 = 0 at 𝜀𝑞 = 0
2. 𝜂 = 𝑀𝐶𝑆 as 𝜀𝑞 → ∞
3. d𝜂 → 0 as 𝜀𝑞 → ∞
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The explicit equation for the stress ratio proposed by Xu et al. (2018) can be
expressed in a more general form as:
𝜂 = 𝑀𝐶𝑆 [1 + (𝑓1 𝜀𝑞 − 1)𝑒 −𝑓2𝜀𝑞 ]

(7.18)

where 𝑓1 and 𝑓2 are model parameters. Equation 7.18 implies that the stress ratio is
evaluated with respect to the critical stress ratio 𝑀𝐶𝑆 (i.e. within the critical state
framework). Therefore, 𝑓1 is defined as:

𝑓1 =

1
𝜀𝑞,𝐶𝑆

(7.19)

where 𝜀𝑞,𝐶𝑆 is the deviator strain at which 𝜂 = 𝑀𝐶𝑆 before the peak state, implying
that the following condition must be satisfied for a material with post-peak strain
softening:
1 + (𝑓1 𝜀𝑞 − 1)𝑒 𝑓2𝜀𝑞 < 1 𝑓𝑜𝑟 𝜀𝑞 < 𝜀𝑞,𝐶𝑆
{1 + (𝑓1 𝜀𝑞 − 1)𝑒 𝑓2𝜀𝑞 = 1 𝑓𝑜𝑟 𝜀𝑞 = 𝜀𝑞,𝐶𝑆
1 + (𝑓1 𝜀𝑞 − 1)𝑒 𝑓2𝜀𝑞 > 1 𝑓𝑜𝑟 𝜀𝑞 > 𝜀𝑞,𝐶𝑆
Given the above, the function (𝑓1 𝜀𝑞 − 1) must also satisfy the following conditions:
(𝑓1 𝜀𝑞 − 1) < 0 𝑓𝑜𝑟 𝜀𝑞 < 𝜀𝑞,𝐶𝑆
(𝑓1 𝜀𝑞 − 1) > 0 𝑓𝑜𝑟 𝜀𝑞 > 𝜀𝑞,𝐶𝑆
Accordingly, the original equation can be modified as follows without violating any
of the conditions required for the equation to be valid, and without changing the
definition of 𝑓1 :
𝛽

𝜂 = 𝑀𝐶𝑆 [1 + ([(𝑓1 𝜀𝑞 ) − 1] 𝑒 −𝑓2𝜀𝑞 )]

(7.20)
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where 𝛽 is a model parameter required to control the peak stress state predicted by
the model, and:
𝛽

[(𝑓1 𝜀𝑞 ) − 1] < 0 𝑓𝑜𝑟 𝜀𝑞 < 𝜀𝑞,𝐶𝑆
𝛽

[(𝑓1 𝜀𝑞 ) − 1] > 0 𝑓𝑜𝑟 𝜀𝑞 > 𝜀𝑞,𝐶𝑆
The equation must also satisfy the condition that d𝜂 = 0 at 𝜀𝑞 = 𝜀𝑞,𝑝𝑒𝑎𝑘 , where
𝜀𝑞,𝑝𝑒𝑎𝑘 is the deviator strain at the peak deviator stress. The equation for d𝜂 is given
by:
𝛽

d𝜂 = 𝑀𝐶𝑆 𝑒 −𝑓2𝜀𝑞 [(−𝑓2 [(𝑓1 𝜀𝑞 ) − 1]) + (𝛽𝑓1 [𝑓1 𝜀𝑞 ]

𝛽−1

)]

(7.21)

Therefore, at 𝜀𝑞 = 𝜀𝑞,𝑝𝑒𝑎𝑘 ,
𝛽

[(−𝑓2 [(𝑓1 𝜀𝑞,𝑝𝑒𝑎𝑘 ) − 1]) + (𝛽𝑓1 [𝑓1 𝜀𝑞,𝑝𝑒𝑎𝑘 ]

𝛽−1

)] = 0

and

𝑓2 =

𝛽𝑓1 [𝑓1 𝜀𝑞,𝑝𝑒𝑎𝑘 ]
𝛽

𝛽−1

(7.22)

(𝑓1 𝜀𝑞,𝑝𝑒𝑎𝑘 ) − 1

7.4.2 Volumetric Strain and Dilatancy
Xu et al. (2018) derived an explicit equation for the volumetric strain based on the
plastic flow rule in the original Cam-Clay model expressed as (Schofield and Wroth
1968):
d𝜀𝑣𝑝
= 𝑀′ − 𝜂 ′
d𝜀𝑞𝑝

(7.23)
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In this study 𝑀′ is a model parameter defined as the initial dilatancy and 𝜂′ is
expressed as:

𝜂′ = 𝑀′ [1 + ([(𝒇′𝟏 𝜀𝑞 )

𝜷′

′

(7.24)

− 1] 𝑒 −𝒇𝟐 𝜀𝑞 )]

where 𝑓1′ , 𝑓2′ and 𝛽 ′ are model parameters determined from the volumetric response
of the material. The volumetric strain is then determined as:
𝜀𝑞

𝜀𝑞

𝜀𝑣∗ = ∫ (𝑀′ − 𝜂′ ) d𝜀𝑞 = ∫ −𝑀′ ([(𝑓1′ 𝜀𝑞 )
0

𝛽′

′

− 1] 𝑒 −𝑓2 𝜀𝑞 )

(7.25)

0

An explicit equation for the volumetric strain is then derived as (See Appendix F for
details of integration):
𝛽′

1
𝛽 ′ 𝑓1′
𝛽′
−𝑓2′ 𝜀𝑞
′
∗
′
𝜀𝑣 = 𝑀 {[ ′ [1 + ([𝑓1 𝜀𝑞 ] − 1) 𝑒
]] − [ ′ 𝛽′ +1 𝛾(𝛽 ′ , 𝑓2′ 𝜀𝑞 )]}
𝑓2
(𝑓2 )

(7.26)

In the above 𝛾(𝛽 ′ , 𝑓2′ 𝜀𝑞 ) is the lower incomplete Gamma function known as:
𝜀𝑞

𝛾(𝛽 ′ , 𝑓2′ 𝜀𝑞 ) = ∫ 𝜀𝑞 𝛽

′ −1

′

𝑒 −𝑓2 𝜀𝑞

(7.27)

0

and can be calculated using a function available in computer algebra systems. The
′
′
parameter 𝑓1′ is defined such that d𝜀𝑣∗ = 0 at 𝜀𝑞 = 𝜀𝑞,𝐶ℎ𝑆
, where 𝜀𝑞,𝐶ℎ𝑆
is the deviator

strain at the characteristic state (ChS) where the behaviour changes from
contraction to dilation (i.e. where d𝜀𝑣∗ = 0 before reaching the critical state) and is
expressed as:
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𝑓1′ =

1

(7.28)

′
𝜀𝑞,𝐶ℎ𝑆

The parameter 𝑓2′ is determined such that the second derivative of the volumetric
′
′
strain 𝑑2 𝜀𝑣∗ = 0 at 𝜀𝑞,𝐼
, with 𝜀𝑞,𝐼
being the deviator strain corresponding to the

inflexion point where the concavity of the volumetric strain-deviator strain curve
changes. The second derivative of the volumetric strain is expressed as:
𝑑2 𝜀𝑣𝑝
d𝜀𝑞𝑝

2

= 𝑀′ [(𝑓2′ [(𝑓1′ 𝜀𝑞 )

𝛽′

′

− 1] 𝑒 𝑓2 𝜀𝑞 ) + (𝛽 ′ 𝑓1′ (𝑓1′ 𝜀𝑞 )

𝛽 ′ −1 𝑓 ′ 𝜀
𝑒 2 𝑞 )]

(7.29)

′
At 𝜀𝑞 = 𝜀𝑞,𝐼
, 𝑑2 𝜀𝑣 = 0, thus,

𝑓2′ = −

′
𝛽 ′ 𝑓1′ [𝑓1′ 𝜀𝑞,𝐼
]
𝛽
′
(𝑓1′ 𝜀𝑞,𝐼
)

′

𝛽 ′ −1

(7.30)

−1

Alternatively, the volumetric behaviour of geomaterials is often represented in
terms of dilatancy, 𝑑, which is defined as:

𝑑=

d𝜀𝑣∗
𝛽′
′
′
′
=
𝑀
([(𝑓
𝜀
)
− 1] 𝑒 𝑓2 𝜀𝑞 )
1 𝑞
𝑝
d𝜀𝑞

(7.31)

In the following section a parametric study is presented to evaluate the parameters
of the proposed explicit equations.
7.5 Parametric Study
The proposed model requires eight parameters that can be determined from the
stress-strain data. Table 7.1 lists all the model parameters determined for the CWRC
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mixture investigated in this study and the SFS+CW+RC mixture with SFS:CW = 7:3
previously investigated by Qi et al. (2019).
Table 7.1. Parameters for the explicit stress-strain model
CWRC mixture - current study
Stress ratio

Volumetric strain

𝜺𝒒,𝑪𝑺

𝜺𝒒,𝒑𝒆𝒂𝒌

𝑴𝑪𝑺

𝜷

𝜺′𝒒,𝑪𝒉𝑺

𝜺′𝒒,𝑰

𝑴′

𝜷′

0.891

3.224

1.65

0.56

0.911

4.883

0.21

1.85

1.155

5.176

1.51

0.49

1.530

6.580

0.49

1.19

1.586

6.690

1.51

0.43

2.123

7.700

1.01

0.78

15

2.552

7.877

1.44

0.70

3.586

8.700

1.03

2.03

0

0.839

3.161

1.51

0.56

1.200

4.820

0.25

2.20

1.325

5.167

1.50

0.47

1.736

6.307

0.80

0.89

10

2.041

7.176

1.51

0.56

2.909

9.175

0.89

0.92

15

3.126

9.212

1.41

0.65

4.600

10.600

0.90

2.30

0

1.169

3.585

1.58

0.53

1.365

5.020

0.36

1.81

1.399

5.628

1.47

0.46

2.008

6.892

0.57

1.22

10

2.153

7.232

1.45

0.47

2.950

8.260

1.00

0.85

15

3.220

9.271

1.41

0.67

4.900

10.700

0.95

2.50

𝒙𝑹𝑪
(%)

𝝈′𝟑
(kPa)

0
5
10

5

5

25

50

75

SFS+CW+RC mixture with SFS:CW = 7:3 - Qi et al. (2019)
0

1.280

4.000

1.85

0.43

1.373

4.6

0.65

1.80

10

1.809

7.367

1.61

0.43

3.000

8.2

0.90

1.62

2.628

10.32

1.55

0.43

4.810

13.0

0.70

1.75

30

5.051

13.50

1.61

0.63

7.728

19.2

0.90

2.30

50

5.864

15.21

1.50

0.78

9.796

22.2

1.00

3.60

20

40
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The explicit equations proposed for modelling the behaviour of the CWRC mixtures
do not depend directly on the rubber content because they were not explicitly
formulated as a function of the rubber content, 𝑋𝑅𝐶 . Nevertheless, the stress ratio
′
′
parameters 𝜀𝑞,𝐶𝑆 , 𝜀𝑞,𝑝𝑒𝑎𝑘 and 𝛽 and the volumetric strain parameters 𝜀𝑞,𝐶ℎ𝑆
, 𝜀𝑞,𝑝𝑒𝑎𝑘

and 𝛽 ′ are directly related to the rubber content and the equations are listed in Table
7.2 (Also see Fig. 7.3 and Fig. 7.4). For the range of confining pressures considered
in this study, the parameters were found to be independent of 𝜎3′ .
Table 7.2. Relationships between the parameters of the stress-strain model and
the rubber content
SFS+CW+RC
(SFS:CW=7:3)
(Qi et al. 2019)

Volumetric strain

Stress ratio

CWRC mixture
(current study)
Equation

a

b

c

a

b

c

𝜀𝑞,𝐶𝑆 = a𝑒 b𝑋𝑅𝐶

0.908

0.086

-

1.252

0.041

-

𝜀𝑞,𝑝𝑒𝑎𝑘 = a + b𝑋𝑅𝐶

3.318

0.416

-

4.370

0.286

-

2
𝛽 = a𝑋𝑅𝐶
− b𝑋𝑅𝐶 + 𝑐

0.004

0.038

0.553

′
𝜀𝑞,𝐶ℎ𝑆
= 𝑎𝑒 𝑏𝑋𝑅𝐶

1.108

0.101

-

1.628

0.049

-

′
𝜀𝑞,𝑝𝑒𝑎𝑘
= 𝑎 + 𝑏𝑋𝑅𝐶

4.834

0.392

-

4.20

0.462

-

2
𝛽 ′ = 𝑎𝑋𝑅𝐶
+ 𝑏𝑋𝑅𝐶 + c

0.030

0.376

2.01

0.0024

0.054

1.84

0.0004 0.0053

0.431
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Figure 7.3. Parameters of the stress ratio model
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Figure 7.4. Parameters of the volumetric strain model

149

7.6 Model Simulation vs. Experimental Data
While the proposed equations provide a simpler approach to predict the stressstrain behaviour of waste materials, it is important to test the validity of these
equations using experimental data from this study and other studies on waste
materials. The model was applied to the CWRC mixture (current study) under three
confining pressures of 25, 50 and 75 kPa and to the SFS+CW+RC mixture (Qi et al.
2019) under a confining pressure of 40 kPa.
Figure 7.5 shows a good agreement between the experimental data and the model
prediction of the deviator stress and the volumetric strain under a confining
pressure of 25 kPa; in fact the model accurately predicted the peak strength of the
mixture, and also captured the ongoing deformation of the mixtures with rubber
even after large axial strains.

A similar observation was made for confining

pressures of 50 kPa and 75 kPa, as shown in Fig. 7.6 and Fig. 7.7. Similarly, the model
prediction is in a good agreement with the experimental data of the SFS+CW+RC
mixture. This indicates that the model is applicable to other waste materials.
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Figure 7.5. Experimental data and model prediction of the (a) deviator stress-axial
strain relationship and (b) volumetric strain-axial strain relationship under a
confining pressure of 25 kPa for the CWRC mixture
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Figure 7.6. Experimental data and model prediction of the (a) deviator stress-axial
strain relationship and (b) volumetric strain-axial strain relationship under a
confining pressure of 50 kPa for the CWRC mixture
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Figure 7.7. Experimental data and model prediction of the (a) deviator stress-axial
strain relationship and (b) volumetric strain-axial strain relationship under a
confining pressure of 75 kPa for the CWRC mixture
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Figure 7.8. Experimental data and model prediction of the (a) deviator stress-axial
strain relationship and (b) volumetric strain-axial strain relationship under a
confining pressure of 40 kPa for the SFS+CW+RC mixture (data from Qi et al. 2019)
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The dilatancy of the CWRC mixture with different amounts of rubber under a
confining pressure of 25 kPa is shown in Figure 7.9 (a-d). The proposed explicit
model accurately predicted the relationship between the dilatancy and the stress
ratio. Figures 7.10 and 7.11 also illustrate an accurate model prediction of dilatancy
for confining pressures of 50 kPa and 75 kPa for different amounts of RC. Figure
7.12 shows that the model can also capture the dilatancy of the SFS+CW+RC mixture
under a confining pressure of 40 kPa.
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Figure 7.9. Dilatancy model vs. experimental data for the CWRC mixture under a
confining pressure of 25 kPa
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Figure 7.10. Dilatancy model vs. experimental data for the CWRC mixture under a
confining pressure of 50 kPa
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Figure 7.11. Dilatancy model vs. experimental data for the CWRC mixture under a
confining pressure of 75 kPa
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Figure 7.12. Dilatancy model vs. experimental data for the SFS+CW+RC mixture
under a confining pressure of 40 kPa (data from Qi et al. 2019)
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7.7 Chapter Summary
In this chapter an explicit mathematical model was proposed to predict the stressstrain response of waste materials. This current model was based on an explicit
model originally proposed by Xu et al. (2017). The original form of the stress ratio
equation was modified to incorporate the lower shear strength of waste materials
as well as the effect the rubber content had on the stress-strain response. Then three
explicit equations for the stress ratio, the volumetric strain, and the dilatancy were
developed analytically. The model was not directly formulated as a function of the
rubber content to make it applicable to other types of waste materials, but the model
parameters were correlated with the rubber content so they can be easily modified
to cover any type of waste materials without modifying the general form of the
equations.
While it has been proven before that implicit constitutive models developed within
the critical state framework can be used to accurately predict the stress-strain
response of waste materials, this model provided a simpler approach to predict
these relationships with a limited number of parameters (i.e. 8 parameters). The
model was validated using the stress-strain data of the CWRC mixture (current
study) and the SFS+CW+RC mixture previously investigated by Qi et al. 2019. The
model prediction showed a good agreement with the experimental data, proving
that it can be used to predict the behaviour of waste materials.
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CHPATER EIGHT
8 USING THE CWRC MIXTURE AS A CAPPING MATERIAL
8.1 Technical Assessment
The design and construction of transportation infrastructure such as the capping
layer and ballast layer in railways, or the base/subbase layer in roads often relies on
existing guides and standards. However, most of these standards were developed
for traditional aggregates that have very different properties from waste materials.
While some requirements related to the strength and deformation of the material
can be selected from these standards, properties such as the dry density (i.e.
compaction efficiency) must be modified to account for differences in the physical
properties between traditional aggregates and waste materials. In this section a
technical assessment is carried out to evaluate the potential use of a proposed CWRC
mixture as capping material in railway foundations.
8.1.1 Role of Capping Layer
The capping layer is an engineered fill usually used to seal the underlying subsoil
from surface water and to structurally support the ballast layer when the subgrade
is weak (Australian Rail Track Corporation 2017). A schematic of the rail
substructure is shown in Fig. 8.1. While the two terms are often used
interchangeably, the capping layer does differ from the subballast layer so it is
important to differentiate between their properties.

A “flexible impermeable

capping” acts like a structural layer to reduce the stresses transferred to the
subgrade and seal the subgrade from surface water. On the other hand, a “subballast
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layer” is a permeable layer that is usually placed where the track foundation consists
of free draining materials such as rock fill or sand (Transport for NSW 2019).

Figure 8.1. Railway substructure
To fulfil its intended purpose, the grading of the capping material is important to
facilitate field compaction and achieve the required strength and drainage
properties. Fig. 8.2 shows that the PSD curves of all CWRC mixtures considered in
this study fall within the upper and lower gradation limit for a capping material.
Accordingly, the compaction, strength, and deformation of these mixtures are
further evaluated in the following sections against the existing requirements for a
capping layer.
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Figure 8.2. PSD requirements for a capping material
8.1.2 Field Compaction and Drainage
Field compaction is one of the oldest soil improvement techniques used to improve
the strength of a structural fill and minimize further settlement when live loads are
applied. The design standards and guides often specify a minimum “maximum dry
density” for a construction fill depending on their role in the substructure of
transportation corridors. For instance, the Australian Rail Track Corporation (2017)
specifies a minimum “maximum dry density” of 2.0 t/m3 determined under standard
Proctor compaction effort for the capping material. Because a “capping material
must be capable of providing structural support to the ballast layer…”, this value
was selected so that the compacted granular material will have enough bearing
capacity to support the overlying ballast layer and also meet the drainage
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requirements. However, the strength and drainage are directly related to the void
ratio of the compacted material rather than the dry density, which means that two
different materials with different specific gravities can have similar drainage
properties and different dry densities. It follows then that waste materials are
lighter than traditional quarried rock aggregates and therefore it is better to use the
void ratio rather than the dry density to evaluate the compaction characteristics of
waste materials. Quarried rock aggregates have an average specific gravity of 2.6
and the void ratio associated with a MDD of 2.0 t/m3 is 0.3. While this value would
be appropriate for natural aggregates in terms of strength and drainage it would be
risky to use the same value for the compaction of waste materials like CW and RC.
However, given that no standards or guides are available for these waste materials,
0.3 was the target void ratio used to compact the CWRC mixtures, and the drainage,
strength, and deformation of the proposed capping material were then evaluated for
compliance or otherwise to validate this initial assumption.
The proposed mixture consisted of one relatively rigid component (CW) and one
compressible component (RC). Compaction under standard Proctor effort would not
properly compact the CWRC mixture because part of the energy would be absorbed
by the rubber, which would result in a looser packing of particles. Figure 8.3a shows
that the void ratio was more than 0.3 when 5% RC were added to the mixture, so in
practice, the compaction energy must be modified to compensate for the energy
absorbed by the rubber. Figure 8.3b shows that for a 34% increase in compaction
energy from standard Proctor (596 kJ/m3) to 800 kJ/m3, the void ratio of the
mixture with 10% rubber was less than 0.3.
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Figure 8.3. Field compaction of the CWRC mixture

In practice the compaction energy is often controlled by specifying the number of
passes of a roller, so if 4 passes are needed to compact an incompressible material
like CW, a 34% increase in compaction energy is equivalent to 2 more passes, and
this is easily achieved in the field. Moreover, for this higher compaction energy, the
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BI of the CWRC mixture with 10% RC was still less than the BI of the mixture with
no rubber (i.e. CW) compacted under standard Proctor.
Sufficient compaction is also needed to attain the required drainage properties
because a capping material must act as an impermeable layer to prevent the seepage
of surface water into the subgrade as well as the migration of fines from the
subgrade to the ballast layer which results in ballast fouling. According to the
specifications set by the Australian Rail Track Corporation (2017), the hydraulic
conductivity of the capping material should preferably be less than 5x10 -7 m/sec,
while subballast material should be more permeable with a hydraulic conductivity
of 10-3 m/s ≤ 𝑘 ≤ 10-5 m/s (Trani and Indraratna 2010). Figure 8.4 shows that the
hydraulic conductivity of all the CWRC mixtures considered in this study was
outside the acceptable range for a subballast material. On the other hand the
saturated hydraulic conductivity of compacted CW was well below the maximum
limit specified by the Australian Rail Track Corporation (2017) for a capping layer,
and when rubber was added to CW, the saturated hydraulic conductivity of the
CWRC mixtures became slightly greater than the maximum limit for a capping
material. However, a compacted granular material with a hydraulic conductivity ≤
10-5 m/s is considered to be poor drainage material, i.e. impermeable (Lambe and
Whitman 1969). In this regard, the CWRC mixture had a saturated hydraulic
conductivity less than 3x10-6, so it can be considered as an impermeable material
that could be used to isolate the subgrade from the surface water.
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Figure 8.4. Hydraulic conductivity requirements for capping and subballast
material
8.1.3 Strength and Deformation
Both CW and RC have a lower frictional strength than traditional quarried rock
aggregates. While CW has been proven to have a strength comparable to other
natural aggregates as a reclamation fill (Heitor et al. 2016; Rujikiatkamjorn et al.
2013), rubber has a lower shear strength than CW, and adding rubber to the mixture
would further reduce its frictional strength. Figure 8.5a shows the relationship
between the peak friction angle and the rubber content for all CWRC mixtures. A
peak friction angle of 41° was determined for traditional subballast/capping
materials such as well-graded sand with gravel (Suiker et al. 2005). For the range of
confining pressures considered here, the peak friction angle of all CWRC mixtures
fell above the friction angle required for traditional subballast/capping material.
Moreover, the confining pressure usually encountered at capping depths is around
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40 kPa (Indraratna et al. 2018; Signes et al. 2016) and in many instances much lower
values are expected. Therefore, for the stress conditions encountered in practice, the
peak friction angle of the CWRC mixture with a rubber content ≤ 15% is well above
the minimum value required for a traditional subballast/capping material. The peak
deviator stress determined from monotonic triaxial compression tests is also shown
in Fig. 8.5b. For all confining pressures greater than 25 kPa, the peak strength of the
material was more than 100 kPa, i.e. higher than the expected stress at the level of a
capping/subballast layer (Bilodeau et al. 2011; Indraratna et al. 2018; Saberian et
al. 2018; Soliman and Shalaby 2015).
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Figure 8.5. Peak strength of CWRC mixtures
Track settlement also affects the serviceability and stability of the track structure.
While the settlement of the ballast layer represents on average 55% of total track
settlement, the subballast layer only contributes about 16% (Selig and Waters
1994). Rubber is highly compressible and when added to CW, it would induce
higher settlements under service loads. The maximum allowable axial strain for a
capping/subballast layer in railways is 2% (Teixeira et al. 2006). Figure 8.6 shows
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the axial strain for a deviator stress of 100 kPa, which is representative of the stress
applied at the top of a capping/subballast layer (Indraratna et al. 2018; Signes et al.
2016).

Figure 8.6. Axial strain for a deviator stress of 100 kPa
The results showed that the axial strain for mixtures with 0%, 5% and 10% RC was
below the maximum limit for confining pressures of 50 kPa and 75 kPa, and it was
more than 2% only when the confining pressure decreased to 25 kPa. The confining
pressure expected at the top of a subbase layer or a capping/subballast layer usually
ranges between 40 and 50 kPa (Indraratna et al. 2018; Saberian et al. 2019; Signes
et al. 2016; Soliman and Shalaby 2015), so up to 10% rubber can be used without
inducing unacceptable settlement. However, the strain determined under static
loading does not fully represent the strain expected in practice where cyclic loading
conditions are expected. Therefore, it is important to evaluate the accumulation of
axial strain with the number of cycles through cyclic triaxial tests.
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8.1.4 Performance under Cyclic Loads
Live loads applied in railway corridors are best described as cyclic loads, which is
why the strength and deformation determined from static tests cannot fully predict
the behaviour of the CWRC mixtures as a capping material in real life scenarios.
While the static triaxial tests showed that the strength of the mixture was higher
than the live loads expected at the level of a capping layer in railways, frictional
failure can occur under cyclic loads due to the accumulation of axial deformation
after a large number of cycles, leading to fatigue and failure. To ensure an acceptable
serviceability level, the maximum allowable axial deformation of a capping layer is
3 mm (Teixeira et al. 2006), and since a capping layer is typically 150mm thick, the
maximum allowable settlement corresponds to an axial strain of 2%.
Figure 8.7 shows the permanent axial deformation of the CWRC mixture under cyclic
loading with different stress conditions. At a confining pressure of 25 kPa and a
cyclic deviator stress of 40 kPa the total accumulated axial strain after 200,000
cycles was less than 2% for all CWRC mixtures. This indicates that the mixture can
be used in rail corridors where very heavy axle loads are not expected (i.e. rural
areas, light passenger trains, etc.). As the confining pressure and the deviator cyclic
stress increased (keeping the CSR constant at 0.8), the axial strain increased slightly
but remained below 2% with less than 10% of rubber. For the CWRC mixture with
15% of rubber, the axial strain increased more than the maximum allowable limit
after 20,000 cycles, but after 200,000 cycles the axial strain was still less than 2.2%,
which is still an acceptable limit for a capping layer. Under a very low confining
pressure of 25 kPa and cyclic deviator stress of 100 kPa (CSR = 2.0), Fig. 8.7c shows
that the axial strain increased to more than 2% after a few cycles when rubber was
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added, but it remained below the acceptable limit when no rubber was added.
Therefore, this mixture would be inadequate for corridors where confinement is
minimal and high axle loads are expected. However, the performance of this mixture
under these stress conditions but with a rest period between the passage of
consecutive trains must also be analyzed.
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Figure 8.7 Permanent axial deformation under cyclic loads
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The increase in axial strain when rubber was added to the mixture stemmed from
the high elasticity of rubber particles which facilitates the sliding and
rearrangement of particles, thus leading to a more compact packing. However,
unless this excessive accumulation in axial strain is recovered when the load is
removed, this initial increase in axial strain could be considered as an initial
densification stage which in practice, would occur during construction, and the
placement and tamping of the overlying layer (i.e. ballast layer). It is therefore
imperative to know how much of the initial accumulated strain will be recovered
when the load is removed and then compare that value with the serviceability limit.
Figure 8.8 shows the permanent axial strain during cyclic loading and after a rest
period is applied.

Figure 8.8. Permanent axial strain during cyclic loading and after a rest period
Once the load was completely removed after the first round of cyclic loading (40,000
cycles), the actual permanent axial strain decreased as the elastic deformation of
rubber particles partially recovered, something that could not be fully attained
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during cyclic loading (due to the high frequency of loading, i.e. 10 Hz). This is
illustrated by the dotted lines in Fig. 8.8 which can be considered as a new datum to
evaluate the axial strain under cyclic loading. Figure 8.9 shows the permanent axial
strain after initial densification (𝜀1∗ ) with respect to the new datum for all CWRC
mixtures. When the cyclic load was applied again, the resulting axial strain was less
than 2% for all the mixtures. This indicates that the inclusion of rubber material
does induce higher initial axial settlement but once the mixture has undergone an
initial densification the axial settlement remained below the acceptable limit for a
capping layer even after 480,000 cycles.

Figure 8.9. Permanent axial strain after initial densification, 𝜀1∗
8.1.5 Energy Absorption and Breakage
The vibrations in railways are generated from cyclic loads during the passage of a
train through contact between the wheels and the track. These vibrations are then
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transferred to the underlying layers and the surrounding structures. Depending on
the speed of the train, these vibrations can propagate as far as a few miles and will
disturb the surrounding environment, especially in residential and commercial
areas. Numerous methods have been proposed to reduce and dampen railroad
vibrations. Ideally, these methods can be divided into two main concepts: (1)
dissipating the vibrations before reaching the surrounding areas, or (2) isolating the
track from the surroundings. Changes to the vehicle (i.e. carriage), modification of
the track, modification of the ground beneath the track, or introducing a barrier of
some kind beside the track (i.e. a concrete barrier or open trenches) are some
examples of the methods proposed to reduce railroad vibrations (Thompson et al.
2016). These methods are founded on the concept of dissipating the energy
generated by the cyclic loads. In this sense, using an elastic energy absorbing
material instead of traditional stiff capping material beneath the track is a possible
mitigation measure to attenuate vibration and dissipate the energy transferred from
the trains.
Figure 8.10a shows that the maximum energy dissipated after cyclic densification
corresponded to RC = 10%, which means that a mixture with 10% RC had the
highest capacity to dissipate energy after being subjected to a large number of cyclic
loads from passing trains. Figure 8.10b also shows that the mixture with RC = 10%
had the highest ER after the rest period, after which there was an insignificant
increase in ER for a higher rubber content. Fig. 8.10c also shows that the breakage
index of the mixture with RC > 5% decreased despite the increase in the number of
cycles when a rest period was applied. This means that in practice, for a rubber
content greater than 5% the mixture can recover enough of its energy dissipation
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efficiency during the rest period to reduce breakage after a relatively high number
of loading cycles.

Figure 8.10. Energy absorption potential of the CWRC mixture under cyclic loads
8.2 Practical Implications
From an engineering perspective it is important to demonstrate that the proposed
CWRC mixture can be used as a capping material in terms of its geotechnical and
physical properties. However, proposing the reuse and recycling of these waste
materials in railways is also driven by environmental and economic considerations.
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With the increasing demand for both passenger and freight rail networks, there will
be a parallel rise in demand for the construction materials required to complete this
expansion. Using readily available waste materials instead of natural quarried rock
aggregates will not only reduce damage to the environment, it will also result in
economic benefits for the industries involved in rail track construction and
maintenance. In the following sections, a brief assessment of the possible
environmental and economic benefits of recycling waste materials in rail tracks is
discussed.
8.2.1 Impact on the Environment
Disagreements between environmental activists and industrial parties involved in
rock quarries are often encountered in many countries around the world. While
some activists claim that these quarries damage the environment others are more
concerned about the well-being of people living in areas close by. Quarries can have
serious environmental impacts such as land degradation, land subsidence, and
landslides. Quarrying operations can also lead to water pollution, occupational noise
pollution, and air pollution. Such outcomes result in health-related problems and
loss of biodiversity as these operations can adversely change pre-existing
ecosystems and alter hydrogeological and hydrological regimes (Ozcan et al. 2012).
In this context the reuse of waste materials in lieu of quarried aggregates when
possible will reduce the stress on natural resources and minimize the damage
associated with quarry operations.
Traditional aggregates often have an average specific gravity of 2.6. According to the
Australian Rail Track Corporation (2017), the minimum density that should be
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achieved while compacting a capping layer is 2.0 t/m3. Also the capping layer should
have a minimum thickness of 150 mm and a minimum width (from centreline) of
3500 mm (i.e. total width of 7000) (Australian Rail Track Corporation 2017). Using
basic weight-volume relationships, the total mass of capping material required for
1 km of a railway is:
𝑀𝑐𝑎𝑝𝑝𝑖𝑛𝑔 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 = 𝜌𝑑 × 𝑉𝑐𝑎𝑝𝑝𝑖𝑛𝑔 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙
𝑀𝑐𝑎𝑝𝑝𝑖𝑛𝑔 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 = 2.0 × (0.15 × 7 × 1000) = 2100 tons/km of track
Each 1 km of rail network requires a minimum of 2100 tons of quarried aggregates
for the capping layer only, and they are most likely to be supplied from natural
quarries. Thus, the anticipated expansion of the rail network in Australia and other
parts of the word will inevitably result in more natural land being wiped out to
accommodate the need for more quarried aggregates.
On the other hand the disposal of coal mining wastes like CW involves the use of
virgin land and the clearance of native vegetation. In 2015, the West Cliff Colliery,
located in New South Wales, Australia, produced a total of 2.9 million tons of CW, of
which only 0.121 million tons were reused as an engineering fill (South32 2015),
this is equivalent to a recycling rate of 4.17% only. This implies that more than 95%
of the CW produced was diverted to designated emplacement areas. If the mixture
with RC = 10% is used as a capping material, then for each km of railroad, the total
amount of CWRC that will be used is:
𝑀𝐶𝑊𝑅𝐶 = 𝜌𝑑,𝐶𝑊𝑅𝐶 × 𝑉𝑐𝑎𝑝𝑝𝑖𝑛𝑔 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙
𝑀𝐶𝑊𝑅𝐶 = 1.6 × (0.15 × 7 × 1000) = 1680 tons/km of track
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where 𝜌𝑑,𝐶𝑊𝑅𝐶 = 1.6 t/m3 is the dry density of the CWRC mixture corresponding to
a void ratio of 0.3. Then, for RC = 10%, the total mass of CW need is 1527 tons/km.
In brief, for each km of railroad, 2100 tons of natural aggregates would be saved and
1527 tons of CW would be removed from stockpiles.
8.2.2 Impact on Industry
While the positive environmental impact of waste recycling should be enough to
incentivize the reuse of waste materials, such initiative can also have an impact on
several industries. First, waste materials like CW are much cheaper than traditional
aggregates, making them more economical for the construction industry involved in
the construction or maintenance of transportation corridors. Also, in some places
where coal reject is stockpiled and good quality rock aggregates are not available,
the reuse of CW minimizes the cost of transporting material from the source to the
site.
In Australia, the landfilling of CW is levied at $14 per ton, which is equivalent to
spending millions of dollars per year on stockpiles of CW. Therefore, selling coal
wash to the construction industry instead of stockpiling it for a levy is a double win
for the coal mining industry. It gives them the chance to reverse part of the damage
that coal mining causes to the environment and it can solve some of the disputes
between environmentalists and the industry. In this context, it is in the interests of
the coal mining industry to consider, promote, and fund any research on the reuse
of coal wash as a construction fill.
The rubber producing industry is no better than the coal mining industry when it
comes to the massive amounts of waste generated worldwide and the associated
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environmental risks. Figure 8.11 shows 100,000 metric tons of discarded rubber
that caught fire in Madrid, Spain in 2016, causing several thousand residents to be
evacuated from their homes (Moffett 2016). The toxins emitted from this fire can
cause very serious health problems and possible land contamination when the
residues of burnt tyres infiltrate the soil with rain. Promoting the recycling of rubber
products such as waste rubber tyres is then an opportunity for the rubber producing
industry to reduce its carbon footprint and engage in sustainable practices.

Figure 8.11. Fire at a tyre dump in Spain containing more than 100,000 metric
tons of rubber (Moffett 2016)

8.3 Chapter Summary
In this chapter, the use of the CWRC mixture as a capping material was evaluated
against the existing guides and standards. It was found that a rubber content of 10%
can be considered as optimal in terms of compaction, hydraulic conductivity,
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strength, deformation, energy dissipation, and breakage. Despite the energy
absorbing nature of RC, the mixture can be compacted to an acceptable level by
increasing the compaction energy by 34%, i.e. multiplying the number of roller
passes by 1.3, which is easily attainable in practice. It is not recommended to
significantly increase the compaction energy because it may only result in excessive
breakage of CW without any additional increase in the dry density, and if compacted
properly, the hydraulic conductivity of the mixture is within the range of
impermeable materials required for a capping layer. For the value of stresses
expected at the level of a capping layer, the mixture showed acceptable deformation.
Also, 10% of added rubber is enough to improve the energy absorption potential of
the mixture under cyclic loading and to reduce breakage after a large number of
cycles.
From a practical perspective, the reuse of the CWRC mixture as a construction fill is
a sustainable solution for the environmental problems related to natural quarries,
as well as landfilling of CW and rubber wastes. For the industries involved, i.e. the
construction industry, the coal mining industry and the rubber producing industry,
the recycling of these wastes as engineering fills is an economically beneficial
opportunity to reduce or reverse part of their carbon footprint on the environment.
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CHPATER NINE
9 SUMMARY AND CONCLUSION
This chapter summarizes the main findings from a study of a mixture of CW and RC
with different rubber contents where its basic geotechnical properties and its
behaviour under static and cyclic loading conditions were investigated. It also
presents recommendations for future work.
9.1 Basic Properties of the CWRC Mixture
Basic geotechnical properties such as the specific gravity, the PSD, the compaction
characteristics and the hydraulic conductivity of four CWRC mixtures were
evaluated resulting in the following conclusions:
1. Both CW and RC are lighter than traditional rock aggregates, with rubber having
a smaller specific gravity than CW. All the mixtures considered in this study had
a well graded PSD curve and could be classified as equivalent to a “well graded
sand with silt” according to the unified soil classification system.
2. Under standard Proctor compaction, the addition of RC resulted in a higher void
ratio with a 26% increase for RC = 15%, but there was a considerable reduction
in the Breakage Index (BI) by 47%. Therefore, while it is beneficial to reduce
particle degradation, it is equally important to carefully monitor the compaction
of any mixture with an energy absorbing component. An insufficient compaction
effort may result in a loose packing, reduced strength, and excessive settlements.
3. The results showed that the void ratio decreased by approximately 20% with an
increase in the compaction effort up to a certain threshold (i.e. 1600 kJ/m3), after
which any increase in the compaction energy resulted in a faster increase in the
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BI without any further reduction in the void ratio. It is therefore possible to
compact a mixture with an energy absorbing component like rubber to a smaller
void ratio by increasing the compaction effort. However, very high compaction
levels are inefficient and must be avoided to prevent excessive particle breakage.
4. The hydraulic conductivity of the mixtures increased with increasing rubber
contents even when they were compacted to the same void ratio. This was
mainly attributed to a difference in the properties of the interface between the
components in the mixture (i.e. CW, RC, water). However, the hydraulic
conductivity remained below 3x10-6 m/sec for RC ≤ 15%.
9.2 Effect of Rubber on the Behaviour of the Mixture under Static Loading
The response of the CWRC mixture was investigated through drained static triaxial
compression tests under confining pressures of 25, 50 and 75 kPa. The main findings
of this analysis are as follows:
1. The strength and stiffness of the material decreased with increasing rubber
content, and the post-peak softening modulus decreased when rubber was
added. This shows that adding compressible rubber to a matrix of relatively
incompressible material like CW reduces its bearing capacity but improves the
ductility of the mixture and minimizes the potential for tensile cracking or
sudden failure if the live loads exceed the strength of the material.
2. For RC < 15%, all the mixtures had a unique ChSL and CSL. It was therefore
concluded that for relatively low rubber contents (i.e. ≤ 15%), varying the
amount of rubber is equivalent to varying the initial void ratio in a mixture of
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CW only; it only affects the peak strength, while the ChS and CS properties
remain an intrinsic property of the mixture.
3. A semi-empirical exponential model was proposed to predict the peak friction
angle of the CWRC mixture as a function of the rubber content and the effective
confining pressure. This model can be incorporated in numerical simulations to
predict the peak friction angle of the CWRC mixture as well as other mixtures
with rubber inclusions.
4. The linear Mohr-coulomb failure criterion could not be applied to the CRWC
mixture because it overestimated the shear strength under very low confining
pressures (e.g. < 50 kPa). Therefore, the shear strength envelope of the mixture
is better described by a non-linear relationship for accurate predictions at low
confining pressures when the model is used in numerical simulations.
5. A modified equation was proposed to evaluate the void ratio at the characteristic
state to account for the change in the volume of the solid phase due to rubber
compression. This equation requires knowing the total volumetric strain and the
void volumetric strain, and it can be applied to any mixture with a compressible
component. Alternatively, a modified void ratio independent of the rubber
content can be directly correlated with the void volumetric strain measured
from laboratory data.
6. The total work dissipated by the mixture up to failure increases with increasing
rubber contents despite a reduction in the peak deviator stress. This highlights
the improvement in the energy dissipation capacity of the mixture when rubber
is added. Also, the improvement in the energy dissipation became more evident
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as the confining pressure increased, proving that rubber efficiency is highly
dependent on the confining pressure.
9.3 Effect of Rubber on the Behaviour of the Mixture under Cyclic Loading
The dynamic properties of the CWRC mixture were investigated through drained
cyclic triaxial compression tests under different stress conditions. The following
conclusions can be made:
1. Under the same stress conditions, the permanent axial strain increased with
increasing rubber contents. When the confining pressure and the axial stress
increased simultaneously there was a slight increase in the permanent axial
strain for all the mixtures and a notable rise was observed when the confining
pressure remained constant and the CSR increased. This indicates that the
deformation of the mixture depends directly on the CSR.
2. The permanent axial strain recorded during cyclic loading decreased further
during a rest period between the load cycles, but then it returned to the same
level after a few cycles when the cyclic loading started again. This shows that a
rest period must be considered during cyclic loading when investigating the
resilient behaviour of a mixture with a compressible component.
3. All the mixtures reached plastic shakedown, but the number of cycles required
to reach a stable state increased from a few cycles to 10,000 cycles when the
rubber content increased from 0% to 15%. There were no signs of incremental
failure for all the mixtures and the stress conditions considered in this study.
This shows that, despite the compressibility of rubber, it is possible to reach a
state of shakedown, but longer periods of cyclic densification are required.
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4. The void volumetric strain increased with the increasing rubber content and
increasing CSR. A contractive behaviour was observed for the duration of the test
(i.e. for 200,000 cycles). For the mixtures with RC ≥ 5%, the total volumetric
strain evaluated using local strain measurements was larger than the void
volumetric strain. This indicates that during cyclic densification, the volume of
RC cannot be considered as constant and the difference between the total
volumetric strain and the void volumetric strain represents the associated
change in the volume of the solid phase.
5. The resilient modulus and the shear modulus of the mixture decreased with
increasing rubber contents and both were more dependent on the confining
pressure than the cyclic deviator stress regardless of the CSR. However, the
inclusion of RC improved the damping properties where a 111 % increase in the
damping ratio was observed when 15% of rubber was added to the mixture.
Moreover, when the CSR increased the damping ratio of the mixture with no
rubber decreased significantly (i.e. 42%) whereas the mixtures with RC ≥ 5%
maintained the same damping ratio. This shows that for higher stress levels,
adding rubber preserves the damping potential of the mixture even after long
periods of cyclic densification.
6. The BI of the mixture decreased almost linearly when rubber was added, and it
decreased more for mixtures with RC ≥ 10% when a rest period was applied,
despite the number of load cycles doubling. It is concluded that the efficiency of
energy dissipation increases as the rubber contents increases, and the energy
dissipation potential can be partially recovered during a rest period, thus
reducing particle breakage for longer periods of cyclic loading.
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9.4 Modelling the Stress-Strain Response of the CWRC Mixture
1. An explicit model was proposed to describe the stress-strain response of the
CWRC mixture incorporating the lower shear strength of waste materials and
the effect of the rubber content. The equations were not developed directly as a
function of the rubber content, but the parameters of the model were correlated
with the rubber content, thus making the model easy to adjust for other waste
materials.
2. The model was validated using the experimental data from the current study and
from a previous study on another waste mixture. The model prediction showed
a good agreement with the experimental data for both materials, which means it
can be used to describe the behaviour of waste materials. Moreover, the model
does not require software integration to solve the equations and it only needs 8
parameters to describe the stress ratio, the volumetric strain and the dilatancy.
9.5 Using the CWRC Mixture as a Capping Material
The strength and deformation of the CWRC mixtures were evaluated against existing
guides and standards for a capping material, from which the following conclusions
are made:
1. The gradation and hydraulic conductivity of the mixture comply with the
requirements of a capping material.
2. Despite the energy absorbing nature of rubber, the mixture can be compacted to
an acceptable void ratio of 0.3 as specified by ARTC (2017) by increasing the
compaction energy by only 34% without inducing excessive breakage.
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3. The strength of the mixture is higher than the stresses expected at the level of a
capping layer (i.e. 100 kPa). For RC ≤ 10%, the expected deformation of the
mixture is also within the acceptable limit of 2% for a capping material.
4. Based on the dynamic response in terms of axial deformations, efficiency in
energy dissipation and reduction in particle breakage, the mixture with RC =
10% is recommended as the optimum blend for a capping material.
9.6 Further Recommendations
Within the scope of this study, the writer investigated a new mixture of waste
materials that can be used as a capping material in railways. However, due to the
time limit of this PhD study, the investigation was limited to distinct conditions
based on the proposed application. Therefore, the following recommendations are
suggested to extend this study to more practical applications:
1. It will be useful to test the material as a capping material in a large-scale test
with an overlying ballast layer and an underlying subgrade to mimic the
foundation of a proper rail track. The effect of the elastic capping layer on the
behaviour of the ballast layer can be examined in terms of deformation and
breakage. Also, it is worthy to study the behaviour of the mixture under impact
loads to fully mimic field conditions that can be encountered in practice in rail
tracks.
2. Evaluating the behaviour of the material using undrained static and cyclic
triaxial compression tests is important if the mixture is to be used in other
applications where fully drained conditions are not achieved such as the
base/subbase layer on a stiff subgrade. Also, depending on the depth and the
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location where the material is to be used, fully saturated conditions may not be
achieved, so it is recommended to examine the unsaturated behaviour of the
mixture for a wider range of applications.
3. It will be useful to extend the proposed explicit model to describe the response
of the mixture under cyclic loading. These explicit equations can then be
incorporated into a numerical model to predict the behaviour of the mixture
under varying loading conditions (i.e. static and cyclic) and stress conditions (i.e.
confining pressure, maximum axial stress, etc.) depending on the intended use
in practice.
4. The mixture can be further improved by adding other waste materials such as
class C fly ash. A comprehensive laboratory study can be carried out to
determine the optimum amount of the binding component needed to increase
the strength and reduce the deformations while preventing an increase in
brittleness.
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APPENDICES
Appendix A
The specific gravity is defined as:

𝐺𝑠,𝑚𝑖𝑥 =

𝜌𝑠
𝜌𝑤

(A1)

where 𝜌𝑠 is the particle density and 𝜌𝑤 is the water density. The particle density is
defined as:

𝜌𝑠 =

𝑀𝑠
𝑉𝑠

(A2)

where 𝑀𝑠 is the total weight of solids and 𝑉𝑠 is the total volume of solids in the
mixture. Therefore, the specific gravity can be expressed as:

𝐺𝑠,𝑚𝑖𝑥

𝑀𝑅𝐶 + 𝑀𝐶𝑊
𝑀𝑅𝐶
𝑀𝐶𝑊
+
𝐺𝑠,𝑅𝐶 𝜌𝑤 𝐺𝑠,𝐶𝑊 𝜌𝑤
=
𝜌𝑤

(A3)

where 𝑀𝑅𝐶 and 𝑀𝐶𝑊 are the weight of RC and CW in the mixture, respectively, and
𝐺𝑠,𝑅𝐶 and 𝐺𝑠,𝐶𝑊 are the specific gravity values of RC and CW, respectively. For a
mixture composed of 𝑋𝑅𝐶 of RC and (1 − 𝑋𝑅𝐶 ) of CW, the weight of RC and CW in the
mixture is given by:
𝑀𝑅𝐶 = 𝑋𝑅𝐶 𝑀𝑠

(A4a)

𝑀𝐶𝑊 = (1 − 𝑋𝑅𝐶 )𝑀𝑠

(A4b)

Then,
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𝐺𝑠,𝑚𝑖𝑥 =

𝑋𝑅𝐶 𝑀𝑠 + (1 − 𝑋𝑅𝐶 )𝑀𝑠
𝑋𝑅𝐶 𝑀𝑠 (1 − 𝑋𝑅𝐶 )𝑀𝑠
𝐺𝑠,𝑅𝐶 +
𝐺𝑠,𝐶𝑊

(A5)

And the final expression for the specific gravity can be written as:

𝐺𝑠,𝑚𝑖𝑥 =

1
(1 − 𝑋𝑅𝐶 )
𝑋𝑅𝐶
𝐺𝑠,𝑅𝐶 + 𝐺𝑠,𝐶𝑊

(A5)

Appendix B
The actual specific gravity of the mixture, G′s,mix :
Eq. 4.7 can be written as:

𝑉′𝑠 =

𝑉
1 + 𝑒′

(B1)

Combining Eq. B1 and Eq. 4.8, we can write:
𝑉
𝑀𝑠
=
1 + 𝑒′ 𝐺′𝑠,𝑚𝑖𝑥 𝜌𝑤

(B2)

𝑀𝑠
1
𝜌𝑑
𝑉
=
=
1 + 𝑒′ 𝐺′𝑠,𝑚𝑖𝑥 𝜌𝑤 𝐺′𝑠,𝑚𝑖𝑥 𝜌𝑤

(B3)

where 𝜌𝑑 is the dry density of the mixture. Also, Eq. 4.3 can be written as:

𝜌𝑑 =

𝐺𝑠,𝑚𝑖𝑥 𝜌𝑤
1+𝑒

(B4)

Therefore, the actual specific gravity of the mixture can be expressed as:
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G′s,mix = Gs,mix

(1 + e′)
(1 + e)

(B5)

Appendix C
If 𝑥𝑅𝐶 and 𝑦𝑅𝐶 are the gravimetric RC content and the volumetric RC content with
respect to CW content, then 𝑥𝑅𝐶 and 𝑦𝑅𝐶 are defined as follows:

𝑥𝑅𝐶 =

𝑀𝑅𝐶
𝑀𝐶𝑊

(C1)

𝑦𝑅𝐶 =

𝑉𝑅𝐶
𝑉𝐶𝑊

(C2)

where, 𝑀𝑅𝐶 is the weight of RC and 𝑀𝐶𝑊 is the weight of CW particles in the mixture.
Then, the initial volumetric rubber content is expressed as (assuming no RC
compression before the start of shearing):

𝑦0 =

𝑉𝑅𝐶0 𝑀𝑅𝐶 /𝜌𝑠,𝑅𝐶0 𝑀𝑅𝐶 /(𝐺𝑠,𝑅𝐶0 𝜌𝑤 )
𝐺𝑠,𝐶𝑊
=
=
= 𝑥𝑅𝐶
𝑉𝐶𝑊0 𝑀𝐶𝑊 /𝜌𝑠,𝐶𝑊 𝑀𝐶𝑊 /(𝐺𝑠,𝐶𝑊 𝜌𝑤 )
𝐺𝑠,𝑅𝐶0

(C3)

The initial compressibility ratio, 𝜔0 , is then derived as follows:

𝜔0 =

𝑉𝑣0 + 𝑉𝑅𝐶0
𝑉𝐶𝑊

=

𝑉𝑣0
𝑉𝑅𝐶0
𝑦𝑅𝐶,0 𝑉𝐶𝑊
+
𝑒0 + 𝑉 +
𝑉𝐶𝑊 + 𝑉𝑅𝐶0 𝑉𝐶𝑊 + 𝑉𝑅𝐶0
𝑦𝑅𝐶,0 𝑉𝐶𝑊
𝐶𝑊
=
=
𝑉𝐶𝑊
𝑉𝐶𝑊
𝑉𝐶𝑊 + 𝑉𝑅𝐶0
𝑉𝐶𝑊 + 𝑦𝑅𝐶,0 𝑉𝐶𝑊
𝑦
𝑒0 + 1 +𝑅𝐶,0
𝑦

𝑅𝐶,0

1
1 + 𝑦𝑅𝐶,0

= [𝑒0 (1 + 𝑦𝑅𝐶,0 )] + 𝑦𝑅𝐶,0

𝜔0 = 𝑒0 + 𝑦𝑅𝐶,0 (1 + 𝑒0 )

(C4)

or,
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𝜔0 = 𝑒0 + 𝑥𝑅𝐶 [

𝐺𝑠,𝐶𝑊
(1 + 𝑒0 )]
𝐺𝑠,𝑅𝐶0

(C5)

where 𝑒0 is the initial void ratio. For the same 𝑒0 , 𝜔0 increases linearly with 𝑥𝑅𝐶 .
When 𝑥𝑅𝐶 = 0, then 𝜔0 = 𝑒0 .
Appendix D
The original equation for the change is void ratio is:
d𝑒
1 d𝑉𝑣 𝑉𝑣 d𝑉𝑠
)
= (
−
d𝜀1 𝑉𝑠 d𝜀1 𝑉𝑠 d𝜀1

(D1)

The change in the void volumetric strain, 𝜀𝑣∗ , which is the volumetric strain
associated with the change in the volume of voids is expressed as:
d𝜀𝑣∗
1 d𝑉𝑣
=
d𝜀1 𝑉0 d𝜀1

(D2)

Also, the change in the total volumetric strain, 𝜀𝑣 , which takes into account the
change in the volume of voids and the volume of solids, is:
d𝜀𝑣
d 𝑉 − 𝑉0
1 dV
1 d(V𝑣 + 𝑉𝑠 ) 1 dV𝑣 dV𝑠
(
)=
)
=
=
= (
+
d𝜀1 d𝜀1
𝑉0
𝑉0 d𝜀1 𝑉0
d𝜀1
𝑉0 d𝜀1 d𝜀1

(D3)

Then, the following expression can be written:
dV𝑠
d𝜀𝑣 dV𝑣
= 𝑉0
−
d𝜀1
d𝜀1 d𝜀1

(D4)

Therefore,
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d𝑒
1
d𝜀𝑣∗ 𝑉𝑣
d𝜀𝑣
d𝜀𝑣∗
1
d𝜀𝑣∗ 𝑉𝑣 𝑉0 d𝜀𝑣 𝑉𝑣 𝑉0 d𝜀𝑣∗
)] = [𝑉0
= [𝑉
− (𝑉
− 𝑉0
−
+
]
d𝜀1 𝑉𝑠 0 d𝜀1 𝑉𝑠 0 d𝜀1
d𝜀1
𝑉𝑠
d𝜀1
𝑉𝑠 d𝜀1
𝑉𝑠 d𝜀1
𝑉0 d𝜀𝑣∗
𝑉𝑣
𝑉𝑣 d𝜀𝑣
(1 + ) −
= [
]
𝑉𝑠 d𝜀1
𝑉𝑠
𝑉𝑠 d𝜀1
d𝑒
𝑉0 𝑉 d𝜀𝑣∗ 𝑉0 𝑉𝑣 d𝜀𝑣
= 2
− 2
d𝜀1
𝑉𝑠 d𝜀1
𝑉𝑠 d𝜀1

(D5)

It is also known that:
𝜀𝑣 =

𝑉 − 𝑉0
𝑉0

𝑉 = 𝑉0 (𝜀𝑣 + 1)

𝑒
𝑉𝑣 − 𝑉0 (1 +0𝑒 )
𝑉
−
𝑉
𝑣
𝑣0
0
𝜀𝑣∗ =
=
𝑉0
𝑉0

𝑉𝑣 = 𝑉0 (𝜀𝑣∗ +

𝑒0
)
1 + 𝑒0

d𝑒
𝑉02
d𝜀𝑣∗
𝑉02
𝑒0
d𝜀𝑣
)]
= [ 2 (𝜀𝑣 + 1)]
− [ 2 (𝜀𝑣∗ +
d𝜀1
d𝜀1
1 + 𝑒0 d𝜀1
𝑉𝑠
𝑉𝑠

(D6)

Also,
𝑉0
𝑉0
𝑉0
=
=
𝑉𝑠 𝑉 − 𝑉𝑣 𝑉 (𝜀 + 1) − 𝑉 (𝜀 ∗ + 𝑒0 )
0 𝑣
0
𝑣
1+𝑒
0

=

1 + 𝑒0
(𝜀𝑣 + 1)(1 + 𝑒0 ) − 𝜀𝑣∗ (1 + 𝑒0 ) − 𝑒0

Therefore,
2

d𝑒
1
=[
d𝜀1
(𝜀𝑣 + 1) − (𝜀𝑣∗ +

d𝜀𝑣∗
𝑒0
d𝜀𝑣
∗
(𝜀
)
]
[(𝜀
+
1)
−
+
]
𝑣
𝑣
𝑒0
d𝜀1
1 + 𝑒0 d𝜀1
)
1 + 𝑒0

(D7)

Then the void ratio at a given stress state in the compression range may be
determined by:
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𝑒=

𝑒
(1 +0𝑒 ) + 𝜀𝑣∗
0

𝑒0
∗
1 + 𝑒0 ) + 𝜀𝑣 ]

(1 + 𝜀𝑣 ) − [(

(D8)

Appendix E
The total work delivered to the specimen during loading is given by the equation:
𝑊 = 𝜎3′ 𝛿𝑉 + (𝜎1′ − 𝜎3′ )𝐴𝛿𝑙

(E1)

Where 𝜎1′ and 𝜎3′ are the major and minor principle stresses, respectively, 𝛿𝑉 is the
volume change of the specimen, 𝛿𝑙 is the axial displacement and A is the area of the
specimen, i.e. the area over which the stress is applied ((𝜎1′ − 𝜎3′ )𝐴 is the axial force
applied on the specimen). The work rate with respect to total strains per unit
volume is then expressed as:
d𝑊 = 𝜎′3

d𝛿𝑉
𝐴d𝛿𝑙
+ (𝜎′1 − 𝜎′3 )
= 𝜎′3 d𝜀𝑣 + (𝜎′1 − 𝜎′3 )d𝜀1
𝑉
𝐴𝑙
= 𝜎′3 (d𝜀1 + 2d𝜀3 ) + (𝜎′1 − 𝜎′3 )d𝜀1
d𝑊 = 𝜎′1 d𝜀1 + 2𝜎′3 d𝜀3

(E2)

where d𝜀1 and d𝜀3 are the incremental strains in the major and minor principle
directions, respectively, d𝜀𝑣 is the volumetric strain, 𝑉 is the volume of the specimen
and 𝑙 is the length of the specimen. For axis-symmetric conditions, the mean
effective stress, 𝑝′, the deviator stress, 𝑞, the volumetric strain, 𝜀𝑣 and the deviator
strain, 𝜀𝑞 , can be expressed in terms of principles stresses and strains as follows:
1
𝑝′ = (𝜎′1 + 2𝜎′3 )
3

(E3)
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𝑞 = 𝜎′1 − 𝜎′3

(E4)

𝜀𝑣 = 𝜀1 + 2𝜀3

(E5)

𝜀𝑞 =

2
(𝜀 − 𝜀3 )
3 1

(E6)

Accordingly,
𝑝′d𝜀𝑣 + 𝑞d𝜀𝑞 = 𝜎′1 d𝜀1 + 2𝜎′3 d𝜀3

(E7)

d𝑊 = 𝑝′d𝜀𝑣 + 𝑞d𝜀𝑞

(E8)

Therefore,

Appendix F
𝜀𝑞

𝜀𝑣 = ∫ (𝑀′ − 𝜂′ ) d𝜀𝑞
0
𝜀𝑞

= ∫ −𝑀′ ([(𝑓1′ 𝜀𝑞 )

𝛽′

′

− 1] 𝑒 −𝑓2 𝜀𝑞 )

(F1)

0
𝜀𝑞

= −𝑀′ ∫ [(𝑓1′ 𝜀𝑞 )

𝛽′

′

− 1] 𝑒 −𝑓2 𝜀𝑞

0

Let 𝑢 = (𝑓1′ 𝜀𝑞 )

𝛽′

′

− 1 and 𝑣 = 𝑒 −𝑓2 𝜀𝑞

Integration by parts:

′

𝜀𝑞

𝜀𝑞

𝜀𝑞

′

𝜀𝑞

𝜀𝑣 = −𝑀 ∫ 𝑢𝑣d𝜀𝑞 = 𝑢 ∫ 𝑣d𝜀𝑞 − ∫ 𝑢 (∫ 𝑣d𝜀𝑞 ) d𝜀𝑞
0

0

0

(F2)

0
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where,

𝑢′ = 𝛽 ′ 𝑓1′ (𝑓1′ 𝜀𝑞 )

𝛽 ′ −1

(F3)

and
𝜀𝑞

𝜀𝑞

′

∫ 𝑣d𝜀𝑞 = ∫ 𝑒 −𝑓2 𝜀𝑞 d𝜀𝑞 = −
0

0

1 −𝑓′ 𝜀
𝑒 2 𝑞
𝑓2′

(F4)

Therefore,
𝜀

𝑞
1
𝛽′
′
𝜀𝑣 = −𝑀 {[− ′ ([𝑓1′ 𝜀𝑞 ] − 1) 𝑒 −𝑓2 𝜀𝑞 ]
𝑓2
0

′

𝜀𝑞

− [∫ −
0

𝛽 ′ 𝑓1′ ′ 𝛽′ −1 −𝑓′ 𝜀
(𝑓 𝜀 )
𝑒 2 𝑞 d𝜀𝑞 ]}
𝑓2′ 1 𝑞
(F5)

= −𝑀′ {[−

1
([𝑓 ′ 𝜀 ]
𝑓2′ 1 𝑞

𝛽′

𝛽 ′ 𝑓1′
+[ ′
𝑓2

𝛽′

′

− 1) 𝑒 −𝑓2 𝜀𝑞 −
𝜀𝑞

∫ (𝜀𝑞 )

1
]
𝑓2′

𝛽 ′ −1 −𝑓′ 𝜀
𝑒 2 𝑞 d𝜀𝑞 ]}

0

Also,
𝜀𝑞

∫ (𝜀𝑞 )
0

𝛽′ −1 −𝑓′ 𝜀
𝑒 2 𝑞

d𝜀𝑞 =

1
′ ′
′ 𝛾(𝛽 , 𝑓2 𝜀𝑞 )
′
𝛽
(𝑓2 )

(F6)

Where 𝛾(𝛽 ′ , 𝑓2′ 𝜀𝑞 ) is the lower incomplete Gamma function. Then,
𝛽′

1
𝛽 ′ 𝑓1′
𝛽′
−𝑓2′ 𝜀𝑞
′
′
𝜀𝑣 = 𝑀 {[ ′ [1 + ([𝑓1 𝜀𝑞 ] − 1) 𝑒
]] − [ ′ 𝛽′ +1 𝛾(𝛽 ′ , 𝑓2′ 𝜀𝑞 )]}
𝑓2
(𝑓2 )

(F7)
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